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Abstract By 7° Series we mean a series like Euler's

of reciprocals of squares, that sum up to an algebraic number
times 7

Euler obtained a family of infinitely many such series:

For natural numbers [ and m with no common factor, and

%l < m, Euler had!

L
P 2m—1)?
1 1

+

+
2m +10)?*  (4m — 1)

2
1 1 1 )
+ ~+ — .. = — 7r
(4m +1)*  (6m —1) 2msin(;- )

Il=1,and m =2 = 1+i+i+i+i+...:1w2.
32 52 2 92 8

The Residue Theorem yields all the four families of 7* series.

! Leonardi Euleri, "Introductio in Analysin Infinitorum" p.187, Section #174.
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These extend Euler's work, and show that the Catalan Series is

2 geries

NOT a =? series. Thus, resolving Euler pursuit of a =
formula for the Catalan Series.

Ifl < %m, [ and m are natural numbers with no common factor.

Then, applying the Residue Theorem to = cot(m)W , wWe
z+ -
obtain the series
1 1
By = 5+ —3
P (m—1)?
1 1
T ;T 2
(m+10)* (2m-—1)
S S ™ 1
@m+10? Bm-0%  m? sinQ(# )
This family of series is identical with Euler's.
. . 1 1 .
Applying the Residue theorem to =w— yields the
sin(mz) (z + L)?
alternating series
1 1
S =
l/m l2 (m . Z)Q
1 1
—~ +
(m +10?  (2m — 1)
1 1 w2 cos(Lm)
+ — ———m——m
2m + 1> (3m —1)7 m? sinQ(# )
with pattern + — — + + — —....
Applying the Residue Theorem to = tan(m)# yields the

(2= L)

series
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1 1
By = ; T 2
(m =207 (m+2])
1 1
+ -
(3m — 20>  (3m + 20)?
1 1 s 1
T 2 T 2 T = 2 2
(5m —20)*  (5bm + 2I) 4m* cos”(Lm)
. . 1 1 .
Applying the Residue Theorem to = , yields the
cos(mz) (z — L)?
alternating series
1 1
Cl/m - o
(m — 20  (m + 2)?
1 1
—~ +
(3m —20)*  (3m + 21)?
1 1 72 sin(lm)
+ — — = m
(5m —21)*  (5m + 21)? 4m? cos® (L)

with pattern + — — + + — —....

The alternating Catalan's Series

sums up to approximately
G = 0.9159 6559 4177 2190 1505 4603 5149 3238 4110 774....

Euler sought an answer to the question whether the Catalan

2

Series is a 7° series.?

2 Euler's letters to James Stirling in "James Stirling, This about Series and such things" Scottish Academic
Press 1988, pp. 142-151.
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The Catalan Series is the difference between

1+t +L+- Ly Jand L+ L +-L Ly
5 9 13 3 7 11 15

The series 1 + 5% + 9% + é + ... is obtained from

T L b L withi=1,m=2

Poo@Cm+0? (dm+10? (6m+1)

And the series - + L + -1, 4 L +.... is obtained from
27 a1

1 1 1

>+ 5+ 2+...vvithl:1,m:2
2m -1 (Am-=10)" (6m —1I)

Thus, the Catalan Series belongs to the family of series

R
P (2m—1)?
1 1
+ —_
2m +1?  (4m —1)?
1 1
+ — + ...

(4m +1?*  (6m — 1)
which pattern of
+ot—+—+—..

is incompatible with the pattern
+7 T +7 +7 EREE +7 +7

2

of the alternating n“ series,

And which terms are different from the terms of any of the 7

series.

Hence, by its pattern, and terms, the Catalan Series is not a =2

series. The Catalan series does not fit the pattern of any of the
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2

possible 7° series.

2

We further show that adding or subtracting alternating =~ series

does not yield the Catalan Series.

2

Therefore, it is not a 7~ series. That is, the Catalan series does not

sum up to an algebraic number multiplying 7.

2

This resolves Euler's pursuit of a 7~ series formula for the

Catalan Series. Similarly,

l—i—i—i—i-l—... is NOT a = series
3t 5t 7
l—i—i—i—i-l—... is NOT a =° series
36 56 76
1— 1 + L1 + is NOT a 7" series.
32n 52n 72n
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1.

Residue of f(z) Singular at z,

1
R = e — d
s{f(2))., =o=5 § SO
(=2,+ee”
Proof: f(z) = ..+ —k— 4. 4 =2 4
(z — 2y) (2 — z,)
+—1+
z—2

+a, +...+a,(z—2z)" + ..

= ¢ fQd =

C:ZO‘FpeiO

— o\ 2
C=z,+ce” (C ZO) (=2z,+¢ce? (C ZO)
1 . re? 1 ve@
6752 %dgb ?afe?wdd)
R R
1
ta, ¢ ——d¢
C=z,+ece” 0
i
%f%w:mﬁw
——
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tay  § dCt.ta, (- z)dC

= # — i
(=2,+ce (=2,+ee
—_— N y B
62% ewdgb €n+1l-f em@ez@d¢
— -
0 0

_

o

= Res{f(2)}_ =a, 95 F(O)d¢.O

C=2z, +ee

10
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2.
Residue at Pole of Order k

21 f(») = =k PRt = +ay + a(z — z,) +
z — ZO) £ =2
1 4! K
= Res  {f)),_, =0 = (k—l)!dzk—l{( W12 —
2.2 f(z) = G i_io)Q + za—_lzo +ay +a(z — 2) + ay(z — 2y)* + ...
d
= Res_m{f(z)}z_z[J =a = a{(z — zO)Qf(z)} .
2.3 f(z) = —L 4 ay + (2 — zp) + ay(z — 2, +

= ReS_ljl{f(Z)} =a_; = [(Z o zO)f(z)]

Z:ZO Z:ZO

11
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3.

Residue at Pole of Infinite order

1 2 3 4
—= 1 1 1 1 1 1
81 ¢ =114 Aty
z 2!l 2z 31z 410 2z

= 1
= Res_,{e #},_, =

1
= Res_;{e #},_, =—1

1

= Resy{e #},_, =1

12
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4.

cot z coth 2 7
Res = ——
2 Y0 45

Proof: divide the series,

1 cosz cosh z 1 1—LZQ+LZ4+~ 1-|- ,z —i-fz + ..
_3

= — X
»3 sin 2z sinh 2 z —|— z + .. z+ z —i— z + ...

1 1+iz4—522+.. 1+ z + z + ..
s ! ! y
z?’z+iz5—%z3+... z+ z —|— z + ...

(s - (1)
R N ]

Q

5 _( _L> 4 1 .8
A e I K —i—(5!)2z
1— 1z
~ 1 "6
5 14 4
2”1 00 2
1 1,4 1,4
z—(l——z )(1—i——z)
5 90
z
— 1_[l_L] 4_ 1 8)
( 6 00)° 540 ©
— (1 14,4 1 8)
5( 90 © 540 ©
z
L _wl s
a"rz5 Nz
- a_y as

13
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.

Residue Theorem for a,

5.1

2222

= ff@)dg = Res_, {/(2)},_, +Res_,{f()}

Proof: ¢ f(QdC+ $ FC)AG + § (GG =0

ceC G € Gy €Cy
1 1 1
— $ QI =— $  fC)G+— ¢ JGNG,
271 271 . 271 .
cec G =2 +pe? =2 +pe”
a1 a_q4
For¢ € ¢, f(¢) = Tt T+ ay, Jr“1,1@1 —z)+ ..

(¢ —2)" G~ &

14
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= G = oy, = Res {£2))

Cl Z +peL0

2=z

For¢, € c,,

Ok, 2 a_19
f(&) :W+~“+C — +ag; + a6 —2) +
9 T %9 2 2

f]g f(G)dGy, =a ) = Res_l{f(z)}

=2 +pet®

Z:ZQ

j}f Jd¢ = Res_, {f(2)} _ +Res_, {f()} __.0

2m

5.2  f(z) has poles at z,2y,....,2y =

ng )¢ = Resl{f }_ + .. +Resl{f }

271 z=2zy

15
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6

mcot(mz)f(2)

cot*®

Res{mcot(mz)f(2)},_, = f(n)
- f(=3) + F(=2) + f(=0) + F0) + () + f(2) + F(3) + -

+ ZReS_1 {WCOt(?TO')f(O’) }U:pole of o) — 0
6.1 ‘cotm‘ <A on DNJF% for any N
119
(N+2)3
TN N+L T
-(N+H)A

y:—N—l, and —N—l§x§N+1:>
2 2 2

eZTl'Z _|_ €—Z7TZ

‘cot wz‘ = — -
Mz __ o7

e

16
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e | 4 ‘e—mz
< :
‘ eim? ‘e—mz
. ._ _l _. ._ _l
in(z+i[—N—]]) 4 le in(z+i—N—]])
‘ in(z+i-N-1)| 6—i7r(m+i[—N—%]) ‘
6z7rx+7rN+7r/2‘ + e—mm—wN—w/Q‘
- ‘ eimv—HrN—l—?r/Q‘ . e—im;—wN—w/QH
B (eﬂ'N—Hr/Q + 6—71'N—7r/2) 6—71'N—|—7r/2
(eﬂ'N—HT/Q . 6—71'N—7r/2) 6—71'N—|—7r/2
_ e 4 6—27TN
e — 6—27rN
1
7r
e +
_ 6271'N
e — L
6271'N
e" +1
<
e” —1
=1+ < 1.1.00
e" —1

y:N—I—l, and —N—1§x§N+l‘:>
2 2 2

eZTl'Z + 6—27’(’2

1Tz —Iimz
— €

‘co‘wrz‘ =

e

1Tz
&

€ ‘e—m

IA

1Tz —iTZ
e

_‘e

17
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em(:c+z'[N+§])

n ‘e—iw(:c+z‘[N+;])

em(:c+z'[N+§])

B ‘e—iw(:c+z‘[N+;])

ine—mN—7/2 ‘ + ‘e—mx—i—ﬂN—i—w/Q ‘

e

€ €

(6—7rN—7r/2 + e7rN—|—7r/2) 6—7TN+7T/2

iﬂ'CD—TI‘N—TI‘/Q‘ . ‘ —irx+7N+m/2 H

(€7TN+7T/2 o 6—7TN—7T/2) 6—7TN+7T/2

=1+ <1.1.00

e™ —1

£L'=N—|-l, and —N—lgygN—l—l‘:
2 2 2

For y = 0, ‘cotﬂz‘ = cot7r(N—|—%)‘

= |cot(mN —i—g)‘

= cotz‘
2

= tan(0 = 0.

For y = 0, ‘coth‘ = ‘COt(’iTN +5+ my)‘

18
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For y > 0,

For y <0,

= cot(% + my)‘
= tan(’my)‘

sin iy

COS 1Y

iy _ oy
_ 2
eimiy 4 o imy

2

(&

e ™ ™

e ™ +e™

1—e*™

1+ e*™

™ —1

e¥™ 41

1+

e2m(=y)

x:—N—l, and —N—l§y§N+l‘:>
2 2 2

For y = 0, ‘co’mrz‘ = cotw(—N—l)‘

2
= |cot(—mN —g)‘
= |cot(—2)
= tan0 = 0.

For y = 0, ‘coth‘ = ‘cot(—?TN -5+ ZW?J)‘

19
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= cot(—% + my)‘
= tan(z'ﬂy)‘
_|sinmy
COS 1Y
ez’m’y . e—im'y
_ 21
eim'y 4 e—im'y
2
e ™ — ™
Cle™ 4 e
1—e*™ e’ — 1
4| |2 4+
2y 1
For y > 0, ‘ <1.0
627Ty 4 1
1
1— 2my C on(—
For y <0, c il 1.0
1+ e*™ 14 1
e2m(=y)
6.2 cotmz= C?Sm has polesat z =n =...—2,—1,0,1,2,...
sin 2
603 Res{wcot(ﬂz)}zzn =1
Proof: Res{ﬁcot(ﬁz)} =|(z—n)m C?S e
=n smmz |, _ .

20
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— IDz(WZ — ™) cos(mz)

D_sin(7z)

Z=n

cotd Res { meot(mz) f(2) } = f(n)

Z="N

6ei-5 |f(2)], <

N+l
2

M:>
Zk

f(23) + F(=2) + FED) + f0) + fO) + f(2) + F(3) + -

+ ZRes_l{ﬂcot(ﬁa)f(a)}azpole of Flo) = 0
Proof:
95 meot(mQ)f(Q)dC = Yo Res_, {meot@)f (D)} o ormn

2

-I-Z Res_, { 7 cot(mo) f(o) }

o=pole of f(o) in DN%

fﬁ meot(mC) f(Q)d¢| < ﬂ‘cotwg‘%(lengthDN+;)—>0

N —oo
O ¥ )
s[N+]
2

Nl <A

Res{wcot(ﬂz)f(z)} = f(n).O

Z=n

21
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6

tan®

mtan(mwz)f(z2)

A ED D+ fD) ) + Q) + ) + . =

= ZRGS_l {wtan(mf)f(ff) }a:pOle of f(o)

6;.,-1 ‘tanm‘ <A on [, for any N

s
N4

(= Ni
f

y = —N, and —N§x§N|:>

1z —iTZ
e — €

‘tanwz‘ = |l
eZ’/TZ +€_Z7TZ

1 — 6—2z7rz

1 — 6—2z7rm—27rN

1 4 6—22'7Tm—27TN

22
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1 € 6—271'N
1 — 6—271']\7

1 -7
cite

1—e T

Nl

y = N, and —N§x§N|:>

1Tz —iTZ

€ — €

‘tan 772‘ = |7
e 1 e iz

esz -1

€2i7rz + 1

e—227rx +27N 1

6—227r:1: +27N 4 1

627rN T 1 6—27rN

627rN -1 6—27rN

1

1
e —1

<1l+2 0

r=N,and — N <y<N|=

23
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For y = 0, ‘tanﬂz‘ = ‘tanﬂN‘
= tan(0 = 0.

For y = 0, ‘tanﬂz‘ = ‘tan<7TN+z'7Ty)‘
= tan(z'wy)‘

sin ¢y

COS 1Y

eim'y Ty

_ 21
ey + eIy
2

e

e " —e

e ™ + e

1 — 627ry

1+ 2™

627ry -1

e?™ 41

2™ — 1
For y >0, — < 1.0
e?™ +1

1
27y o 2(—
Fory<0, ——¢ __ & n
1+ e*™ 14 1
627r(_y)

r=—N, and —N§y§N|:>

For y =0, ‘tanwz‘:‘tanw(—]\f)‘:tanO:O
For y = 0, ‘tanﬂz‘:‘tan(—ﬂN—l—zﬁry)‘

:‘tan(iwy)‘

24
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| sinimy
COS 1Y
eim'y _ e—im'y
_ 21
eim'y + e—z’m’y
2
e—ﬂ'y o eﬂ'y
1— 627Tl/ 6271'y 1
= 1+627ry o eQﬂ'y +1
2y 1
Fory >0, ——— <1.0
™ +1
1
— 2™ - 2m(—
For y <0, 1—e™ _ 2=y 1.0
L+erm 1
eQW(_y)
6,0 2 mtan(m¢) has poles at z = n + 1
6;an-3 Res{ﬁtan(wz)}z_n+; =1
Proof: Res{ﬁtan(ﬂz)} C=lz—=[n+ l])ﬂ'SlIl(ﬂ'z)
F=ny 27 cos(mz) | _,
2
D (2 —
B A ol )
D, cos(7z) S
2
1
= sin(7z) =1

25




Gauge Institute Journal, Volume 18, No. 3, August 2022 H. Vic Dannon

6.4 Res { 7 tan(mwz)f(2) } =—f(n+1)

— 1
Z=n+=
2

A SED ) ) HEQ IO+ SG) =

:Z Res_| { 77 tan(ﬂa)f(a)}

o=pole of f(o)

Proof:
fj;mm(wg) f(Q)d¢ = S Res {mtan(rQ)f(2)}

z=pole of 7 tan(7¢) in O,

—1—2 Res_, {7r tan(w()f(a)}

o=pole of f(o) in Oy

95 mtan(m() f({)d(| < ‘7r tan(w()‘ﬁk (lengthCly) ——==—0
Uy <A N 8N

mwtan(w¢) has poles at z =n +%

Res_, {ﬂtan(ﬂz)f(z)} = —f(n + %)

= D HIED ) HQH IO+ Q)+ =

= z:]E{es_1 {Wtan(WU)ﬂU) }o’:pole of f(o)

26
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6

sin®
—— f(2)
Sin 7wz
1
RGS{W ; f(Z)} = (=1)"f(n)
SIN 72 i
= [(=3)+ f(=2) = f(=1) + f(0) = F(1) + f(2) — F(3) +
+2Res_1{ . U (0)} =0
SID(TI'O') o=pole of f(o)
6,1 sinlm <4 onl], , forany N

119
(N+4)i

o
1

-(N+4)4,

y:—N—l, and —N—1§x§N+l:>
2 2 2|

27
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¢4 —iTZ
e — €

Sin 7z

B 2
B ezﬁr(z—l—z’y) o e—iﬂ(x—l—iy)‘

2
cim(a+iy) ‘ _ ‘ o im(z+iy) H

IN

2

e ™ —e™

= A.00

y:N—I—l, and —N—1§x§N+l‘:>
2 2 2

2

mz __ —imZ

1

Sin 7z

2
ir(c+1y) _ 6—i7r(x+iy)‘

e

28
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2

em(m—l—zy) ‘ . ‘e—m(m—l—zy) H

]

_71-N_|_E
e 2

L _AN_T L
eﬂ'N—l—2 TN 2 e 71'N—|—2

— €
_ T
7TN+2

2e
T 6—27TN

=A.00

:I?:N-l-l, and —N—l§y§N+l‘:>
2 2 2

1
‘sin(wN + 2+ zwy)‘

1

sin 7z

= |csc(mN + 2 + my)‘
= |csc(Z + imy)

1
sin(7 + imy)

1

cos(imy) ‘

29



Gauge Institute Journal, Volume 18, No. 3, August 2022

1
2

2

e+ e

For y =0, #:1
e + e

2 Y Y
For y > 0, € 9 % 9
e—wy 4 eﬂy €7Ty e27ry 4 1

2 —Ty m(~y)
For y < 0, € o9 ¢ <2.00
e 4 ™ oY e2m(=y) 41

£L'=—N—1, and —N—l§y§N+l‘:>
2 2 2|

1

Sin 7z

1
‘sin(—ﬁN -7+ zwy)‘

= ‘CSC(—?TN -2+ my)‘
= ‘csc(—% + my)‘

1
sin(% + imy) ‘

I
cos(imy) ‘

1

30
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B 2
B e ™ 4 e™
For y =0, 2 1
e ™ 4 e™
Y Y
For y > 0, 2 R S
e~ ™ + e™ ™Y e27ry + 1
—my m(=y)
For y <0, 2 € o ¢ < 2.0
e 4 ™ oY e2m(=y) 41
6.2 — has polesoforder 1at z = n = ... —2,—1,0,1,2,...
sin 2
1 n
6,3 Res{w : } = (-1)
sinwz | _
1
Proof: Res{ﬁ . } =|(z —n)m—
sinwz | _ sinwz| _
_ D (rz —7n)
D, sin(mz)
| meos(mz) |, _,
1 n
6sin°4 Resim . f(Z) - (_1> f(n)
sin mz .

31
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sin'5 ‘f(Z) ‘D S

sin (7o)
Proof:
T o T
D% Sin(WC.) f(C)dg B Z Res_l { Sin(ﬂ-z) f(Z) }zpole of in
it sin(m(¢) N%

o)
SlIl(?TO') o=pole of f(c) in DN+1
2

— Q)¢ < 7
Df sin(7()

N+l
2

has poles at z = n

sin 7z

Res_l{ U f(@} ] = (=1)"f(n).O
z=pole of

sin(7z)

sin(7z) Nty

=

= [+ f(=2) = fED) + F0) = f) + £2) - F(3) + -

=0

—I—ZRes_l{ : u

0)}
sm(?TU) o=pole of f(o)
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6

CO:-ﬂ'Z (Z)
Res{ws?m) f<z>} =Yt )

= JED ) ) A - O + Q) - =
= ZResl{ 1

0- }
cos(mo) s=pole of f(c)

(L | L <A on 0, for any N
COS T2
s
CNi
_—-N " " -
(- Ni
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IN

<2

2
6i7r(x+z'y) + e—iw(z—i—iy)‘

2

e ™ —e™

em(:v—l—zy) ‘ . ‘e—m(I—Hy) H

2

e™ —1

y = N, and —N§x§N|:>

1

2

CoOS Tz

IN

‘e—mz + 6271'2

2

- ezﬁr(x—l—z'y) _|_€—z'7r($+z'y)‘

2

e ™ —e™

em(:v—l—zy) ‘ - ‘e—m(I—Hy) H

2
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1

e™ —1

<2 0

xr = N, and —N§y§N|:>

1

CoS Tz

1
cos(mN + imy) ‘

= [sec(mN + zwy)‘
= SGC(iﬂ'y)‘

b
cos(imy) ‘

2
ei(iﬂ'y) + e—i(my)‘

2

e ™+ e™

2

e " +e™

For y =0, #:1

e+ e

2 Y Y
For y > 0, R R
e—7ry + eﬂy ewy 627ry + 1

2 —Ty m(~y)
For y <0, cC —9 °
e 4 ™ oY e2m(=y) 41

xr = —N, and —N§y§N|:>

1

CcCoS Tz

1
B ‘COS(—?TN + my)‘
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= [sec(—7mN + my)‘
= Sec(my)‘

1
cos(iﬂy)‘

2
ei(iﬂy) + e—i(my)‘

_ 2
e " 4 e
_ 2
e ™ 4 e™
2

Fory =0, ——— =1

e ™ +e

2 Y Y

For y > 0, € _—9- % 9

e~ Y 4 e™ o™ e27ry 41

—y m(—y)

For y < 0, 2 e 5 ¢ <2.0

e 4 ™ oY e2m(=y) 41

— 1_ _5_3 _1135
6,52 o has poles at z = n + Rt TR L LTI
6,03 Res{ U } = —(-1)"
cos(m2) |,_, 1
2
0 ™

Proof: Res{ } =1(z—[n+1)

cos(mz) —_ 2" cos(mz) —
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1
D (z—n—)

D_ cos(mz)

— 1
Z=n+-
2

1

—sin(7z)

1
z=n+:
+35

1

—sin(mn + 1)

6.4 Res il z = —(=1)"f(n + 1)
cos(mz) R 2
M
6cos'5 ‘f(z)‘m S _k =
N2

DD IO )~ )+ )

g
1
cos(mo) }gpole of (o)

Proof:
i 7
fﬁ COS(ﬂ() f(C)dC B Z Res_l { COS(WZ) (Z> }zpole of — in 0O
v cos(mz) v
7
+Z Res_l ][ COS(WU) 0> }apole of f(o) in O,
T 7 M
éﬁ (L e ‘W“‘Lgﬁ@) BEEI
v T 8(N)
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has poles at z = n + 1
COS T2 2

™

} = e
( ) z pOl Of

i)

Res_, { = Res_, {

in O
cos(7z) v

= (-1 f(n + D

= YD+l = ZRes_l{ 0 f<0>}
(7o) o=pole of f(z)
= D) fEOH ) - fEDHG) - G+ Q) + =

O

o
COS(WU) }gpole Of f(Z)
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7

cot*
72 = m?sin®(L ) L + L
m 12 (m . Z)Z
1 1
+ +
(m +1)?*  (2m — 1)
1 1
+ ;T g T
2m+0)° (Bm -1

| < %m , | and mhave no common factor

1 1
R, ==+
1/m l2 (m . l)2
1 1
- +
(m +1? (2m -1y
1 1 m
- - -
@2m 4+ 12  (3m —1)? m? siHQ(# )
Proof: WCOt(?TZ)ﬁ has poles of order 1 at z = n,
-

and a pole of order 2 at z = #

1
m dC = Z Res_l

m

ff; 7 cot(m()

O

1
meot(mz) ——
( %Zéfk7l

=
(==L _,

m

N+l
2

+ Res_, { mcot(mz)
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9§ 7 cot(n¢) ————d¢| < | cotn| fﬁ . it =0.0
DN+l m) <A l m>
é[zL};fo
1 COS T2 1
Res {WCO'C(?TZ)W} ) =|(z—n)m E— 72)2 )
_|™P. (Z —) cos(mn) L 5
D, sin(mz) | _ n— #)
= T cos(mn) L
| weos(mz) (n — #)2
= L .0

To findRes |7 cot(m)ﬁl , divide the series
Z — E L
- cos(mz) 1 - cos(m[z — #] + i T 1
2 g l l 2
sin(mz) (z — #) sin(wlz — -]+ --7) (2 — #)
cos(mu + L LT 1
= T _—
sin(mu + 1 ) u?
. cos(mu)cos( L ) — sin(ru)sin( ! ) 1
sin(7u) cos(-L-m) + cos(mu)sin(L ) u?
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1 —mutan(Lnm)| 1
= mcot(Lm m__
1+ mucot(lm) |u?
1—7ru{tan(#7r) + cot(#w)} + u2{tan( ) + cot( )}cot(# )
1—7u tan(# ) ‘ 1+ mu COt(#’/T)
1+ 7mu cot(# 7r)|
- Wu{tan(# ) + cot(i )}
— Wu{tan(i )+ cot(i 7)} — m2u?{tan(L ) + cot(L )} cot (< 7r)|

%WCOt(#ﬂ')[l—ﬂ'U{t&ﬁ( )—i—cot( )}+7T2u2{tan( )—i—cot( )}Cot( )}%

:Wcot(iﬂ)?

—r cot(Lm){tan(L ) + cotlLr)} <

+7% cot(L ) ({tan(L ) + cot (L)} cot (L))
Resliﬂcot(wz)ﬁtl — —n? cot(L ) {tan(L ) + cot(L )}
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= —7m?{1 + cot? (# )}

2 1
= —7 YT
sin”(-- )
Therefore,
+ ! + ! + ! + ! +
(3-LP (2-1F (1-LF (- 1y
1 1 1 9
+..—T7
1— Ly 2 — L)? 3 — L) sin?
( m m m
1 1
72 = m?sin?(L )= +
G P (m—1)>
1 1
- -
(m+0?  (2m —1)?
1 1
+
@2m +17?  (3m —1)?
1 1
R
1/m l2 (m . l)2
1 1
+ +
(m+10)?* (2m —1)
1 1 s
+ +.. =

H. Vic Dannon
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..

sin®
s 920
5 , Sin <E ) 1 1
T =1m e [
cos(Lm) (1 (m—1)
1 1
(m+ 1  (2m —1)?
1 1
+ _ _
2m +1?* (3m —1)
| < %m, [ and mhave no common factor.
1 1
S, =—_
R ()
B 1 1
(m+1? (2m—1y
1 1 72 cos(Ltm)
—+ — _ - m
@m+0" (3m —1)° m? sin?(L )
1 1
Proof. - has poles of order 1 at z = n,
sin(7z) (z — L)
and a pole of order 2 at z = #
1 1 1 1
= dC:ZReS_l T—
D‘Ifl sin(7¢) (¢ — i)Q sin(mz) (z — #)2
+Res_;y7m— ! !
sin(7z) (z — L

43
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7'(' 1 7T 1
, d¢| < | ‘ d¢ = 0.0
K e s S Fverq v
N+ <A L Nty )
I
Res | {m— ! L =|(z—n)r L L
sin(7z) (2 — #)2 B sinmz (7 — #)2 -
_|mD (2 —n) 1
| D, sin(rz) L (n— LY
. T 1
| meos(mz)],_, (n— L)
- Vg
(o L
1 1 .. .
To find Res ;{7 — , divide the series
sin(7z) (2 — L)? | |
1 1 1 1
7r =7
sn(we) (s~ 1P sinfe(z — 1)+ L))z L
1 1
=T i
sin(mu + L) o
- ! 1
sin(mu)cos( L ) + cos(mu)sin( L ) u?
~ 1 1
(mu)cos(Lm) + (1 - 1u?) sin(L-) u?
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1 1
A~ —
€ in (L 2
(mu)cos(-m) + sin(--m) u
1 1 1
T — —
sin(L 7)1+ mucot(Lm) |u?
1l—mu cot (L) + 2’ cotQ(# )
1 | 1+ mucot(L )
m
1+ 7mu COt(# 7'(')‘
— mucot(L)
— mucot(L ) — m2u? cot? (+ 7'(')‘
2’ cotz(# )

1 1
~ 7 ———11— mucot(L ) + w2u? cot? (L) p—
Sin(nl%ﬂ'){ G Ga )}UQ
N SN B COt(#W)l s Cot2(i )
sin(L ) u? sin(L7) u sin(-L )
cot(Lm
Res_,ym— ! L = 7 — <m )
sin(mz) (z — L)? | sin(-L )
_ o cos( L)
SinQ(#TO
Therefore,
I e L)
T T B (S
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1) _1)2 1) cos(tm
R oV o | . s B

(I—1F " @-Lp (3-Lp sin? (L)

) 2SimQ(iw) 1 1

™ =m — —
cos(Lm) (I (m—1y
1 1
— -
(m +1? (2m -1y
1 1
+ — — ...
2m + 172  (3m — 1)
And the Associated Series is
1 1
S ==
R (= 1
— ! + ! .0
(m+1?* (2m -1y
n 1 B 1 o cos(L-)
@m+1? (Bm-—1?  m?sin’(Lm)
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7

cos*®
Y | N S
sin(Lm) ((m =20 (m + 21)°
1
— +
(3m —20)*  (3m + 21)*
1 1
+ — —..
(5m — 20 (5m + 21

[ < %m, [ and mhave no common factor.

1 1
Cl/m - 5 9
(m—21P  (m+2])
1 1
- +
(3m —20)*  (3m + 21)°
n 1 1 7 sin(-L )
G2 G2l eost(lm
1 1 ,
Proof: = has poles of order 1 at z = n + 1,
cos(mz) (z — L) 2

and a pole of order 2 at z =

5577 1 1; ~d¢ = ZResllW
J L

€
m
COS 7TZ J

i COS(WC)(C m)
+Res ;7
cos (7
s 1 T 1
d¢| < d¢ = 0.0
5, cos(mC) (¢ i>2 ~ | cos(m() i(g #)2 ¢
<4 "
<, =0
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Resl(w L 1ZZJ =|(z=n—Jr L 112
cos(mz) (z — E) . cos(mz) (z — 5) N
_-WDZ(Z—H—%) 1
D, cos(mz) _ (n + % — #)2
B T 1
| —msin(7r2)],_, 1 (n + - #)2
2
B 1 1
—sin7(n + 1) (n + 1= #)2
1
= —(=1" 1 12
(n+5—-")
= (=" 11 R
(n+5-")
1 1 .. .
To find Res ;{7 , divide the series
cos(7z) (z — ) .
1 1 1 1
7r =7
cos(mz) (z — L)? cos(mlz — L]+ L) (z — L)
1
=T

1
cos(mu + L) o2

1 1
= 7T -
cos(mu)cos( L ) — sin(ru)sin(l ) o
1 1
~T —
(1 =2 7*u®)cos(L ) — (mu)sin( L 7) u?
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1

cos( L m) — (mu)sin( L )

Q

1

7T _

02
1 1 1
= T PR
cos(Lm)(1— mutan(l)]u?

€
m

1+ 7utan(+ ) + 72u? tanQ(# )

m
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1 | 1— rutan(L )
m
1 —7mu tan(# 7'(')‘
U tan(# )
U tan(# 7) — 7 tan® (# 77)‘

2,2, 2]
mu* tan”(-- )

1 1
=T 1 + mutan(L ) + 72u? tan?(L )  —
m
€ 200
- 1 1 L tan(mw)l 5 tan (m )
cos( L) u? cos(l-m) u cos( L)
tan (L
Res 1 1 = |r? (m )
cos(mz) (z — L)3 ] cos(L )
m = m
i (L
_ 81n(m7r)
cos? (L)
Therefore,
1 —3+1 -1 —2+1 -1 —1+1 -1 0+1
¥ (>1 z2+ (>1 12+ ( l2+(1)l2+
(B3+5;-0) (24+,-) (l4+,-) O+;-1)
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(=) (—1)2+! (—1)*+! 72 sin(L )
+1 11y (9 L _ip e T oA
1+ o 2+, -0) B+5-1) cos” (L)

cos?(Lm
72 = 4m? (m ) L — L
sin(Lm) {(m =20  (m + 20)
1 1
- aE
(3m — 20  (3m + 21)
1 1

+
(5m —20)*  (5m + 21)?

The Associated Series is

P S
U =20 (m + 21)?
S S — .0
(3m — 20> (3m + 21)°
N 1 1 . sin(i )
(5m —20)>  (5m +20)> a4’ cosQ(# )
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tan®
72 = 4m? cos?(L ) L L
o (m =202 (m o+ 20

1 1

(3m — 20>  (3m + 21)?
1 1

+ + ...
(5m — 20> (5m + 21’ }

| < %m , [ and mhave no common factor.

1 1
Tyym = > T 2
(m =20 (m+ 2l
1 1
+ +
(3m — 20  (3m + 21)
N 1 1 7 1
(5Gm—202  (Gm4+20?  4m® COSQ(i )
Proof: wtan(m)( 7 has poles of order 1 at z = n + 1,
L
and a pole of order 2 at z = -
1
f Wtan(WC)de = > Res_; - 7rtaun(7rz)z_—l)2 s
Dy m m’ Jz=n+]
1
+Res | { mtan(mz)
7z — L)
m z:i
1 1
ggﬂtan(ﬂC)ﬁdC < |7 tan(m¢) 9§ —d(=0.0
0, (G e ya—, ()
g, =0
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Res_,

Wtan(wz)%} =
) z=n+1

7D, (2 —n — 3)

D_cos(7z)

sinm(n + %)

1
z=n+<
+;

T

sinm(n + %)

| —msin(7rz)],_ (n+1— #)2
2

T tan(m)#J , divide the series
=L

- 5P

To find Res_,

m

1 B sin(ﬂ[z—#]"‘ﬂé) 1
tan( >[Z_7;]2_ COS(W[Z_#]—FW#)[Z_#F

sin(mu + 7 1)

1
= T —
cos(mu + 7 1) ?
)
)

sin(mu) cos(mLt) + cos(mu) sin(m

3 |~

1
= T R
cos(mu)cos(mw L) — sin(mu)sin(7 L) 3

3B

3=

(mu)cos(m L) 4 (1 — L w*u®) sin(m

)
)

Q
3

1
e

3SR

)| (mu) cot(m L) + (1 — %WQUQ) 1

— 12,2y 1Y |43
;mou”) — (mu) tan(m 1) Ju

Q

o

wn
—~

3

SR~

~—
—~

—

52



Gauge Institute Journal, Volume 18, No. 3, August 2022

) 1
) | u?
14 mu{cot(Ltm) 4 tan(Lm)} + 7*u*{cot(L ) + tan(Lm)} tan(L )

e A
m m m m
l
1+ mu cot (- )
m
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1+ mucot
~ 7 tan(L ) (

SR~

1 — 7w tan(

‘ 1—7u tan(#w)

)} — w2 {cot(L ) + tan(L )} tan(L 7r)l

A A
m m

m2u?{cot(L ) + tan( ], W)}tan(# )

z z
m m

1 1
l 2 l z [
= mtan(--m) - + 7 tan(-- W){cot(m ™) + tan(- w)}u

Res_, (wtan(# W)WJ = 7° tan(Lm){cot(L ) + tan(L )}

9 1
=
cos? (L)
Therefore,

_ 1 B 1 _ 1 _ 1 B

B N A e,

1 1 1 m’

B 112 112 e T

A+;-2)07 @+;-2) @BG+;-)) cos® (L)
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72 = 4m? cos*(L ) ! + !
™ m =202 (m 4+ 21)?
1 1
_|_
(3m — 20> (3m + 210)?

1 1
+ + + ...
(5m —20)*  (5m + 21)?

The Associated Series is

1 1
Tyym = > T 2
(m —2[) (m + 21)
1 1
+ + O
(3m — 20  (3m + 21)
1 1 L 1
+ t =
(5m —20)*  (5m + 2I)? 4m? COS%# )
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8.
7 = 382 sm%%w){ ! + !
15> (38 —15)?
8.1 1 1
' (38 +1572  [2(38) — 15
+ ! ! + }
2(38) + 15 [3(38) — 15>
R 1
s = {152 i (38 — 15)?
1 1
+
(38 +15)*  [2(38) — 15[
1 1 2

_|_
2(38) + 15

+ }

+ :
[3(38) — 15

2 2015
387 sin” (5,

m)

Proof: By 7.,,. based on ﬂcot(ﬂz); O
(2 = B
5 _ g0 sin2(£7r) 1 1 B 1
cos(32m) |15 (38 —15)° (38 +15)
8.2 F— L
[2(38) — 15 [2(38) + 15
1 1
— — + ...
[3(38) — 15 [3(38) + 15 }
g |1 1 1
P52 (38 —15)2 (38 4+ 15)?
1 1
+
[2(38) — 15 [2(38) + 15]?
1 1 N 72 cos(% )
3(38) — 15[ [3(38) + 152 |  38%sin2(15n)
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Proof: By 7,. based on 7— O
sin(mz) (2 + %)2
m = 4(38) 6?82(51’)2 il . - !
sin(2m) (38 —2(15))° (38 +2(15))?
1 1
8.3 —
(3(38) — 2(15))*  (3(38) + 2(15))?
1 1
" (5(38) — 215))*  (5(38) + 2(15))
1 1
015/38 - 5 5
(38 —2(15)) (38 + 2(15))
1 1
C(3(38) — 2(15))  (3(38) + 2(15))?
1 B 1 o 2 sin(2 )
(5(38) — 2(15))*  (5(38) + 2(15))? 4(38)* cos*(13 )
Proof: By 7,...based on = cos(73) ( 115)2 O
2 = 2)cos? (LB 1 1
™= 438 el ){(38 —2(15))2 (38 + 2(15))?
1 1
8.4 + +
(3(38 —2(15))*  (3(38) + 2(15))?
+ 1 5 + 1 5 + }
(5(38) —2(15))*  (5(38) + 2(15))
1 1
Tl5/38 =

(38 —2(15))?

(38 +2(15))?

56




Gauge Institute Journal, Volume 18, No. 3, August 2022 H. Vic Dannon

+ L + L
(3(38) —2(15))*  (3(38) + 2(15))?

N 1 N 1 L 2 1
(5(38) — 2(15))*  (5(38) + 2(15))? 4(38)? cos®(15 )

Proof: By 7,,,. based on ﬂtan(m)(; O
515
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9.
7 = 22" sin? (2t 1) L + !
2 (2k + 1 (2" — 2k —1)?
1 1
9.1 + +
(2" +2k +1)* (2-2" —2k — 1)
1 1
5 + 5 + ...
(2-2" + 2k +172 (3-2" —2k—1)
1 1
R n — +
(2k+1)/2 (Qk + 1)2 (2n — % — 1)2
1 1
_|_
2" +2k +1)*  (2-2" — 2k — 1)
1 1 2
+ + ... =
(2-2" + 2k +1)% (3-2" —2k —1)? 2% SinQ(% )
2k +1 < 2"
c202k4+1 1 2k+1

—1_ 1 2k+1 1\ _

=1 \/5\/1 + cos(w2 )

= a number composed of V2's
PrOOZ: By 7c0t' based on wcot (WZ)m .

271
5 _ g sin’( 0T [ 1 . 1 - 1
cos(EH ) |2k + 1% (2" —2k — 1 (2" + 2k + 1)

0.5 B 1 1

_|_
(2-2" —2k —1)*  (2-2" + 2k + 1)?

1 1
+ — + ..
(3-2" =2k —17 (3-2" + 2k +1)? }
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5 1 1 - 1
GREDRE 2k 417 (2" -2k -1 (2" + 2k + 1)
1 1
+ +
(2-2" —2k —1)>  (2-2" + 2k + 1)
1 1 L . COS(QIZ+1 )
(3-2" —2k—1> (3-2" +2k+1?%  2¥sin?(ZEt )

271

(Fhrtm) = A0

= a number composed of J2's

+1 7T)]

COS

1 1

2%+1
sin(7z) (z + - )

Proof: By 7,. based on =

2 _ gopn &5 Cor ™) 1 1
™ =427 2% +1 n 2 on 2
sin( 2+ ) (2" =22k +1)) (2" +2(2k +1))
9.3 - ! + :
(3(2") —2(2k +1))*  (3(2") + 2(2k + 1))?
1 1
B 22k D) (BT 22%k L )P
o 1 - 1
U en o2k + 1) (2" + 22k + 1))
1 1
- (3(2") — 2(sk + 1)) " (3(2") 4 2(2k +1))?
1 B 1 o 2 sin( L)
(5(2") — 22k + D) (52" + 22k + 1) 4m? cos*(L )

1 1

_ 2k41N2
cos(7z) (2 . )

Proof: By 7.,.. based on =
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72 = 42" cos?(2tL ) . + !
(2" — 202k +1))* (2" +2(2k + 1))?
9.4 : + :
(32") — 202k +1))*  (3(2") + 2(2k +1))?
+ ! + ! —...
(5(2") —2(2k +1))*  (5(2") + 2(2k + 1))
T, = ! + L
U on o2k + 1)) (2" + 22k + 1))?
+ ! + !
(3(2") — 212k +1))*  (3(2") 4 2(2k + 1))
+ 1 + 1 T

(5(2") — 22k + 1))*  (5(2") + 2(2k + 1))?

2 1

4(2*") cos? (-t 1)

2”

1

. 2/<:+1)2 )

Proof: By 7,,,. based on = tar1(7rz)<
z
2”

60
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2 =8 1 i
1 32
1 1
10.1 + 5—2 + ; (Euler)
92 112

1 1 1 1 1 1 1 2
= -4+—4+—4+—+—4+—+—+..=—(Euler)
R T A TR TERE T 8

Proof: By 7., basedon 7 cot(rnz)

1 1
2 42 s 2/1
7 = 4°sin“(+= )| — +
(4 )12 (4_1)2
1 1
+ +
(4417 (2(4)—1)7

1 1
+ + + ...

2(4)+ 17 (3(4) -1

Or, by 7,,,. based on 7tan(nz)

z — i)Q
2 — 2 cos?(L ! !
T A e o Ty
1 1
+ + 0
3(4) — 2% (3(4) + 2)?
PR S

61
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T = 8\/5 1—1— l
1 32
10.2 1 1

5 7

LI ]
92 112

Proof: By 7, basedon 7 ! L

sin(mz) (z + i)Q '

—

sin*(m)( 1 1
cos(+ ) 2 " (4 — 1)
1 1
d4+17  (2(4) -1y
1 1
+ + .
(2(4) +1°  (3(4) —1)°

7T2:42

IS

~

Or, by 7., basedon 7 L L

cos(mz) (z — i)Q

)
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10.3 Jo—_ &
T 1 1 1 1

63
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772:8281102(177)1 L
8 1 72
11
11.1 + =+ =

9% 15

I S ]

172 232
Ry=syrtp bty L1 s
Bl 92152 17 230 8%sin?(Ma)

Proof: By 7.,. based on 7 cot(mz) L O
z+§)2
1 1
7 = & sin’(L )| —
(8 )12 (8_1)2
L, 1 .0
8 +172 (28) —1)°
1 1
+ —+ —
28)+ 17 (38) -1
2 _ g SlIlQ(éﬂ) 1 1
cos(fm) (1 72
11
11.2 -+ =
9% 157

41

17% 23
g 1 ot o111 1 meosGm)
YR o 9215t 172 232 82 sin?(L )
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_2 2

4
2 ++/2

2

sin (87r)

cos(Lm) =

Proof: By 7,. based on 7— ! L Wl

sin(mz) (z + é)Q '

'2l
sin”(5 ) 11

7t = §?
cos(3m) (17 (8 —1)

_ |1 N2
- 2[1—# 2}
_ V2442
TR
271
o , COs™ () 1 1
sin(gm) (3° 57
11.3 _ L
117 132
I S S
192 212
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1 1 1 1 1 1 m? sin(L )
Crn=g o etiatie 2 T Q2 2
3 5 117 13* 197 21 8% cos™(; )

Proof: By 7.,. basedon = L L ]

cos(mz) (z — 1)? '

11.4 + ! +——1—
112 13?2

Lyt ]
192 212

66
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Proof: By 7,,,- based on Wtan(wz)( L 1y .0
1
8
1 1
2 _ (g2 201
" (&%) cos™(m) (8—-27 (8+2)7
T S O
(3(8) =2  (3(8) +2)
T S S

COSQ(é m) = 51+ cos )

5
(1 +2).0
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12.
7t = 8§ 81:(12(§7T)[i 1
8 32 52
12.1 —l—i—l-L
112 132
L ]
192 212
R R S SO U SRS SO SRV i
WS s 112 132 197 212 27’ 82 sin?(3 )
sin*(2) = 2 +4\/§ —depends on v/2's
Proof: By 7.,. based on 7rcot(7rz)—2,
(2 +2)
1 1
= &sin’(B )| — +
(8 ) 32 (8_3)2
L 1 .0
8+3) (28)—3)
1 1
+ —+ —+ ..
(2(8) +3)°  (3(8) = 3)
2(3
o 82Sm (SW)[l_l
3 2 2
cos(3m) (3* 5
12.2 —L—FL
112 132
PR S I ]
192 21>
2 3
1 1 1 1 1 1 1 7 cos( )
Sys==—=-——+—=+—-——-——+.= 2=
U2 52 112 132 197 212 o7 82 sin?(® )
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sin*(2) = 2 +4\/§ —depends on v/2's
cos(2m) = 2%\/5 — depends on v/2's
1 1

Proof By 7, basedon =

sin(7z) (z + %)2 ’

o _ g sinQ(%Tr) 11
cos(%w) 32 (8-13)7
N + 1 .0
8+3)7 (28)-3)
PR S S
(28)+ 37 (3(8)—3)*
. 2 ++/2
SlDQ(%W):%[l—COS(%W)]_ 1 .0
2 /2
3 — /1 3 —
cos(2m) = \/2[1+cos( 7'(')] = 5 O
2 _ (g COS2<27T){i_i
sin(2m) (12 72
1 1
12.3 1,1
9> 15°
BN S
172 237
2 (3
1 1 1 1 1 1 1 7 sin(2 )
Coy==—"=S——+—+——-———-——+..= ——>—
VST o2 2t a7 232 25 82 cos (2 )
cos?(37) = 27V2 _ epends on v/2's
8/ 4 —3dep

69
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(O8]

2 ++2
2

= depends on J2's

sin($m) =
1 1

cos(mz) (z — %)2

Proof

By 7., based on =

)

2 — 4(8" COSQ(% ) 1 B 1
sin(37) | (8 -2(3)) (8 +2(3))
1 1

1 1
* 2 2
(5(8) —2(3))"  (5(8) +2(3))
2 /2
203\ _ 1 3
cos“(2m) = 5[1 + COS(ZW)] = .0
. 2 +/2
3\ — (1 3
sin($m) = \/2[1+cos(47r)] 5 O
1 1
2 _ 2 2(3 - -
w° = (8%)cos (Sw)[12 =
12.4 PN
9> 15
1,1 ]
172 237
Tyy=—toytqpt Ly L1
KA R R T T - S
cos’(3m) = 2 _4\/5 —depends on V2's
sin(27) = 2 —; V2 — depends on V2's

H. Vic Dannon

x2 1+ tan(3 )

g2 cot(3 )
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Proof By 7,,,. based on 7 tan(wz)

(=
w2 = N cos2(3 1 1
1G5 amr T e 20
+ L + L

(38)—2(3)  (3(8) +2(3))°

1

1

+

+

(5(8) —2(3))*  (5(8) +2

COS2(%7T) = %[1 + COS(%W)] =

Sin(%w) = \/%[1 + COS(%’]T)] —

71
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R1/8+R3/8:R’1/4
po_Ll 1,1 1 R
Proof: By 7.
Roy=tylpl bt 1,1 n
B2 g2 452 17 232 252 8% sin?(L )
1 1 1 1 1 1 1 2
R + = +—Ft—F+—+—F..=
MR s g2 132 197 212 27 82 sin(3 )
R 1 1 1 1 2
= R’l/8+ 3/8_I+?+5_2+§+ = 3 _Hl/4

_ 1 . 1 }
8% |3 {1 —cos(ym)}  J{l—cos(3m)}
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51/8_53/8
oyt o+ 1t 1 1t 1 1
3 50 792 112 13* 15 17 192 217 237
x? | cos(im)  cos(Zm)
82 sin2(é7r) sinQ(gw)
Proof: By 7,.
11 1 1 1 1 1 m? cos(} )
51/8____2__2+ 2 2 o a2 T s
1 72 92 152 17® 232 25 8% sin?(1 )
11 1 1 1_1_1+_7TCOS(§7T)
VR a2 a3 192 212 27 g%sin’(3n)
51/8 - S3/8 -
FUE S SN S U S S SRS SRS SUNRS SRS SR
32 052 792 112 13 152 17r 197 212 23
72| cos(gm)  cos(2)
82 | sin? (37) sin? (2)
o | V2++/2 2-2
_T 2 2
]2 2-+/2 242
22 22
7T2 3 3
:—2( 2+J§) —( 2—\/5)
8

73
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PR S SN S i
232 252 o272 202 V' g
Proof:
By7cot°
Ro-tyly t Lt L1 T
B 92152 172 232 252 82 sin?(1 7)
R LS SIS SNV RTINS SRS SIS S 7
R T2 52 12 132 197 212 927 82 sin2(3 1)
Rl/8_R3/8_
1 1 1 1 1 1 1 1 1 1
= -

74
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16.

1 1
2 _ qp2an2lo L, L
7 = 16" sin (167T)[1—|—152
16.1 TR
17 312

P S I ]
332 472

R1—1+1+1+1+1+1+1+—7T—2
M1 32 33 4r? 492 16 sin’(L )
SiﬂQ(%ﬂ) :%(\/ 2 — /2 ++/2) = algebraic number

Proof: By 17... based on 7 cot(7nz)

(2 + 1)

1
=+
1> (16 — 1)?
1 1
+
(16 +1)*  (2(16) — 1)

2 _ 142 n2(Ll
T = 16" sin”(;- )

— %(1 — i+ ﬁ]) — 22242 _ glgehraic number. ]
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1
2 et hem(r 1
cos(;;m) (1 15
16.2 —L+L
17% 317
P S ]
332 47>
11 1 1 1 1 1 2 cos((L )
S =T T T T T g g T a2 win2
152 172 312 332 47 49 162 sin’(L 7)
SiﬂQ(%T() i( \/2+\/_ loebrai b
= algebraic number
cos(;; ) 5\/ [o 1

Proof: By 7,. based on 7— ! L 5
sin(mz) (z + %)

5

5 g sin2(%7r) 1 1
cos(Lm) (17 (16 —1)
S S— .0
(16 +1)*  (2(16) — 1)
+ L - L + ]
(2016) + 172  (3(16) —1)>

= algebraic number.[]

(
V2 242

76
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m = -
sin(fm) (7% 97
16.3 L + L
23 257
A
39> 417
2 1
11 1 1 1 1 T sin(;
01/16 — 0 o + + - T (16 )
7797 232 257 39%  41° 16% cos*({L )
Proof: By 7...based on = L ,
cos(mz) (z — L)
16
cos(km)( 1 1

7 = 4(16%) —6 —

sin(;pm) ((16 —2)* (16 + 2)*

1 1
T 316)—2F | (3(16) 1 27

1 1
+@@®—2f_@a®+2f_"J

11
2 2 21 - =
7 = 16" cos” () = —1—92
164 +L+L
23 257
1.1
392 412
L=tptpt L L 1 n 1
V1672 g2 Tog2 os2 392 412 T 162 cos?(L )

Proof: By 7,,,. based on 7 tan(wz)

)

=P

77
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1 1
7 = 4(16%) cos*(L 7 +
6™ (16 —2)* (16 + 2)?
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17.
1 1
2 2 2(3
7 =16sin” (27| — + —
(16 )[32 132
17.1 g
192 297
R ]
22t
3/16 32 132 192 292 352 452 512 162 Sin2 (%7‘(’)

sin®(Em) = L(2 - V2 - \J2) =algebraic number

Proof: By 7.,. based on 7 cot(nz)

K

(2 +5)
1 1
=162 sin’(E71)| — + ———
<16 ) 32 (16— 3)2
1 1
+ + O
(16 +3)*>  (2(16) — 3)°
1 1
- + + ...

(2(16) + 3)*  (3(16) — 3)?

s1n2(%7r) = %[1 - COS(%W)]
:%(1—\/%[1+cos37r])
:%(1 11 %)

=1(2-Vv2- V2 ) = algebraic number.[]
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T (303(3 )

16

2—+2
2\/2+\/2—

Proof: By 7,. based on 7— 5
sin(mz) (z + %)

o 2 i
sin®(Jm)

cos(;2 )

w2 = 162 sin?(2

(3(16) — 3)*

-2V
\/;[1+\/%[1+COS(Z7T)H

-V2-2)

;\/ T2 4/2

NGy

162 sin? (136 7T)

—algebraic number

= algebraic number.[]
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sin(2m) (52 11°
173 .1
212 277
11 ]
372 432
. 11 1+1+1 1 _7TQSiIl<%7T)
VIR a2 212 972 372 43 16%cos® (3 )
1 1
Proof: By 7... basedon = )
cos(mz) (z — 3)?
16
2/3
COS (= 7T
7% = 4(16%)— (?{6 ) 1 7 1 2
sm(ﬁﬂ) (16 —2(3))* (16 +2(3))
_ 1 5+ 1 5 .0
(3(16) — 2(3))  (3(16) + 2(3))
1 1
+ 2— 2—...
(5(16) — 2(3))*  (5(16) + 2(3))
1 1
2 2 23 . _
7 = (16°)cos (1671')[52 + P
1 1
17.4 2T o2
212 272
R ]
372 432
/(LI S I S S S L—
6752 g2 912 972 g7 432

cos?(37) = 2432 -2

T 5 =depends on NOR
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Proof: By 7,.,. based on 7 tan(wz)

>

(=57
1 N 1
(16 —2(3))* (16 + 2(3))?
1 1
+ + 0
(3(16) — 2(3)*  (3(16) + 2(3))”
+ L + L — ...
(5(16) — 2(3))*  (5(16) + 2(3))°

7 = 4(16°) cosQ(% )

cos? (2 7) = %[1 + COS(%TF)]

=1+ \/%[1 + cos 3 7]

1)

— 14+ ;

1
2

_2+V2-V2 o
-

82



Gauge Institute Journal, Volume 18, No. 3, August 2022 H. Vic Dannon

11
2 2 205
T —16 S1n (E)[5—2+F
11
18.1 R
L1y J
372 432
Rpgesqt L L 1 1,1 T
6T 12 212 272 372 43 532 16%sin?(D)

sin®(27) = $(2 - V2 - J2) = algebraic number

Proof: By 7.,. based on cot(7z)

)

(z + 3)°
1 1
2 _ 2 205
™ =16"sin“ (2 7)| — 4+ ——
(16 ) 52 (16_5)2
L + ! U
(16 +5)*  (2(16) — 5)

1 1

+ +
(2(16) + 5)*  (3(16) — 5)

+ ...

=1(2-Vv2- V2 ) = algebraic number.[]
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2 _ QSIH (E) 1 i
cos(2) | 5° 117
18.2 —LJrL
212 272
RN
372 432
2 5
11 1 1 1 1 1 7 cos ()
S5/16:_2_ 2 oz T o2 T o2 a2 a2 T 1 216
52 112 212 272 372 43° 53 162 sin®(2)

16

« 2 5
sin” (% 2 — — .
<26 ) _ 22 = algebraic number

cos(Em) o242 2)

Proof: By 7,. based on m— ! L ,
sin(mz) (z + %)2
2 _ g s1n2(%) 1 1
cos(2)|5° (16 —5)*
-t ! .0
(16 +5)*  (2(16) — 5)*
- ! - ! + ...
(2(16) + 5)*  (3(16) — 5)?
sin(3m) 12 -v2-+2)
cos(5 ™) J1[1+ cos(i)]|
O l2-V2-42)
\/%[1 + \/%[1 + COS(ZW)”
12 -2 —+/2)

— —algebraic number.[]

@ +V2-2)

84
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GO 1
sin(2m) (3% 137
19 297
IR
35°  45°
ool 1 11,11 wsin(
VO a2 192 29 35 45 167 cos’(D)
1 1
Proof: By 7., basedon = ;
cos(mz) (z — 5.)?
16
205
cos* (2w
7T2:4(16)2 . (;6 ) : 2 1 2
31n(167r) (16 —2(5))* (16 + 2(5))
- 1 L ! .0
(3(16) — 2(5))*  (3(16) + 2(5))?
1 1
+ 2— 2_...
(5(16) — 2(5))*  (5(16) + 2(5))
1 1
™ = (16) COS2(%7T)[3—2 + 3
19 297
PR ]
352 45°
ZE SRR S SRR S S S -
VO 1 192 29 352 452 162 cos’(D)
Proof: By 7,,,- based on Wtan(m)( e ,
5
16
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1 1
(16 — 2(5))? " (16 + 2(5))>?
+ ! + !
(3(16) —2(5))*  (3(16) + 2(5))
+ L + ! +
(5(16) —2(5))°  (5(16) + 2(5))

m = 4(16) COS2(%)
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. 11
7 =16 s1n2(%7r)[7—2 o
19.1 L L
23 257
PR S T ]
39> 412
R S SRS SN SRS SN SRV SR S i
6772 T g2 932 952 392 412 552 16 sin?( % 7)
sin2(% ) = i(? V2442 ) =algebraic number

Proof: By 7.,. based on 7 cot(nz)

K

7\2
(Z + E>
1 1
72 =16%sin’(L7)| — + ————
(16 ) 72 (]_6 . 7)2
1 1
+ + .0
(16 +7)*  (2(16) — 7)
1 1
+ + + ...
(2(16) + 7)*  (3(16) — 7)°
SiﬂQ(%ﬂ') =1|1- cos(%w)]
= % Siﬂ'])

|
(1 - \/%[1 + co
|

(2-

87

J2) = algebraic number. ]
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. 907
sin“(-Lm)( 1 1
2 1p2 6/ L L
T =10 cos(-L ) [72 9?2
16
19.2 L + L
23 257
LN T
39°  41°
s _i_i_14_1+1_1___whm%ﬂ
7/16 72 92 232 252 392 412 ” 162 SiHQ(% 7.[.)
SinQ% ™) __2-N2+4 V2 = algebraic number
16— — \ —
cos(5m)  oy2 42+ 2
1 1
Proof: By 7,. based on m— 5
sin(mz) (2 + )
- 2 7
5 _ g sin (EW) 11
cos(Lm) (7% (16 —7)?
I S -

16 +7)*  (2(16) — 7)

1 1
Tene) F 2 Bae 72 ]

2-V2++2)

cos(,L ) \/%{1 + cos(gw)]

12 -2 ++2)
\/%[1 + \/%[1 + COS(Z?T)”
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__2oN2T V2 —algebraic number.[]
W2+ 2 + V2
207
7 = (16p w)[ L_1
sin((Lm) (17 157
1 1
19.3 -+ —
172 317
11 ]
33 4a7*
1 1 1 1 1 1 2 sin([
07/16:_2_ S~ 2_|_ 2_|_ 5~ 2_,,,:71'2 2(16)
1* 15 17°  31* 33" 47 16° cos*(.L )
Proof: By 7.,. based on 7 L ,
cos(mz) (z — 1)
16
cos? (L
7 = 4(16)° — (;6 ) ! = ! 5
sin(Em) ([ (16 —2(7))° (16 4 2(7))
— L + L O

(3(16) — 2(7))"  (3(16) +2(7))*

1 1
T (5016) 2T (5(16) + 27)) ]

sin(fL-m) = \/%[1 — COS(%?‘(’)]

- [ =+ o)
=il i ]

22\l

2

.0
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11
2 2 2(7 . -
7 = (16)" cos™ (L) 2 +152
19.4 TS
172 312
A1
332 472
7 SO SV S S SR o1
6T s 17?312 332 472 16% cosi (L)

Proof: By 7,.,. based on 7 tan(7z)

>

e
7T2 = 2COS2 l7T 1 1
116) Q6)@6—%ﬂf+ﬂ6+%ﬂf
1 1
+ + O
(3(16) — 2(7))*  (3(16) + 2(7))?
+ L ! + ...

1 J2
1— 31+
_2- §+J§.D
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20.
Byjie + fy e + 516 + 716
Rl_1+1+1+1+1+1+1+—7T—2
/16 1 152 172 312 332 472 492 162 SinQ(% ﬂ_)
632 T g2 192 292 352 452 512 162 sin? (&)
1 1 1 1 1 1 1 2
Ryy=+—+—=+—=+—+—=+—=—=—F——
6T s 112 212 272 372 432 532 162 sin*(3)
R7_i+i+1+1+1+1+1——”—2
Mg on? 392 4P 55 16%sin’(L)
1 1 1 2
= Bypg + Bypg + B g + Bz g = 1+?+5_2+§+-.. )

91
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21.
R’l/16_R3/16
PO S SRS SR NS S SRS B
M1 32 33 4 492 16sin’(L)
B 1 1 1 1 1 n 1 i 1 B B 71'2
3/16 2 132 192 292 352 452 512 162 Sin2 (% 7T>

11
sin2(116 7)  sin?(3 )
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22.

Ry g — 1 46
Rygedtqpt L L L 1 1 T
VIO Ts 2 212 97?372 43 530 16%sin(2)
&—i+i+1+1+1+1+1——w—2

6772 T g2 o3 952 392 412 552 16%sin®(L)

= By g — 116 =

93
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23.
Ry 6 — 1t 1
[P S TS SIS SN SRV I SR L
VIO 132 192 292 35 45 512 16%sin’ (3 )
11 1 1 1 1 1 2
Ry=—-F—+—F—F—F—F—— =
6T 12 912 272 372 432 532 16 sin?(5)

= By 5 — By 6

94
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24.
R1/16_R5/16
Rl—1+1+1+1+1+1+1+—W—2
M1 A 32 33 ar? 49 16%sin’(L )
R (S SRS SIS SIS SN SIS SN
G TR U112 212 272 372 432 532 162 sin?(5.)
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25.
R g — By
YRS S SO SO SOV SO S S
M1 A 32 33 ar? 49 16%sin’(L )
R7—i+i+1+1+1+1+1——7r—2
M g o952 397 412 55 16%sin®(L )
= 1y 5 — By =
1 1 1 1 1 1 1 1 1
+—+
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26.

R3/16 - R7/16
po_l, 1.1 1 1.1 1
3/16 32 132 192 292 352 452 512 162 Sin2 (%ﬂ')
/16 72 92 232 252 392 412 552 . 162 Sin2 (% 7'(')

= Iy — 16 =

1 1
. 2 3 - . 2 7
sin®(; ) sin” (L 7)
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27.

1

2 1

1
+

T :pzsinz(gw) 1+

(p—1y

1

27.1 +

(p+1)°
1

(2p — 1y
1

2p + 1)
1

+

(3p — 1)

(3p + 1)

+ ...

p = prime.

+
(3p — 1)

Proof: By 17.,. based on 7 cot(rz)

+ -+
(3p+1)

27.2

(erl)QJr

1
+

(2p — 1)
1

(2p +1)°

(3p —1)*

1 1

—1—

1

Sl/p o

(p—17° (p+1°

1 1

+

+
(3p — 1)
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+ ...
p

2

+
(2p — 1)

7'1'2 COS

sin?(
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Proof: By 7,. based on 7— 1 O
sin(mz) (z 4+ 1)?
p
2(1
N IR
s (p—2¢  (p+ 27
27.3 — L 5 L 5
Bp-27 Bp+2)
1 1
T 2 2
p -2 Gp+2)
1 1
C, = ~
-2 2y
1 1
(B3p—27% (3p+2)
2 o1
N 1 - 1 L T Sln(pﬂ')
(5p —2)°  (5p + 2p)* 4p* cos®(1 )
Proof: By 7... based on 7 L O
cos(mz) (z — 1)
p
72 = 4p® cos? (L 1) : 5+ ! 5
(r=27 (»+2)
27.4 + ! !
Bp—2?  (3p+2)
1 1
T 2 2
p -2 (Bp+2)
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1 1

(p—27 (p+2)
1 1
2 + 2
(Bp -2 (Bp+2)
1 1 2 1

+ —
(5p —2)*  (5p +2p)° 4p? cos®(

Ti/p =

Proof: By 7,.,. based on 7 tan(wz)
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1 1
2 _ 920201 1 1
7 = 3%sin (37r)[1—1—22
3/4
28.1 JFLJFi
4?5
1 1
Tttt
R’l —1+i+i+i+i+i —4_2
/371 92 42 52 g2 Q2" 33
Proof: By 17... based on 7cot(rz) L
(z+3)
72 = 3%sin?(L7) 1 L
3 12 (3_1)2
1 L 1
(B+17 (23) -1
+ L + L +
203)+1°  (3(3) -1
N 101 92
cos(zm) (1 2
3/2
1 1
28.2 —4—2+5—2
1 1
7§
L1 1 .t 1 1.
10° 3%
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1

sin(7z) (z + %)2 ’

Proof: By 7,. based on

« 2 1
2 3281Il (§7T> 1 1
1

"o cos(3 ) 2 (3 —1)

28.3 -——+—

—_
—_
—_
—_
—_
)—l
)

oo|M

‘H

201
COS (70
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1 1
2 2
™ =03)|-+—=
( )1 =
28.4 TR
72 117
11
132 17°
T, 1+i+i+1+1+1+——2
v 5 7 112 132 17 32
Proof: By 17,,,. based on 7 tan(nz) 11 =
= 4(32)COSQ(%7T) ! + !
— S (3-2?% (3+2)?
1/4
- ! 5 L - .0
(33)—-27 (B)+2)
1 1
- - —
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1 1
72 = p*sin?(L )| = +
S (p" —1)?
29.1 L ;T L 5
(" +1)° (2" =)
1 1
n 2 n 2 T }
2p" +0° Bp" 1)
Rl/ . = l +;
p l2 (pn . l)2
1 1
- 2 T 2
(p" +10° 2p" 1)
[ S nQ
@p" +1F Gp" 1P psin’(] )
Proof: By 7.,. based on WCOt(WZ);.D
(z+ L)
p
21
72 = p St (FW) 1 1
COS(#W) 2 (pt =17
29.2 — ! 5T ! 5
(" +107 (2p" =)
1 B 1 B
2p" +1°  (3p" — 1)
1 1
S ==
A N Gk
1 1
N n 2 - n 2
(" +1)7 (2" =)
2 cog( L
1 - 1 o 77 cos(pn )
@2p" +1? (3p" — 1) p*" sin’( L)
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Proof: By 7,. based on 7— ! L O
sin(72) (z + L)?
o
2
g cos (pi ) 1 - 1
sin(i ™) ((p" — 20>  (p" + 20)?
29.3 — L L
(3p" =20  (3p™ + 21)?
1 1
+ — —
(5p™ — 20 (5p" + 21
1 1
Cl/p” i n_on2  (om 2
(p" =207 (p" +20)
1 1
(3p" =20  (3p™ + 21)?
1 1 msin(-L )
Tt 2 = > U T 2201
(5p" —20)°  (5p" + 2I) 4p" cos (p— )
Proof: By 7., basedon = L .0
cos(mz) (z — L)?
p
7 = 4p*" cos? (L) ! ;+ ! >
roolet =2 (" +20)
29.4 L L
(3p" —20*  (3p™ + 21)?
1 1
+ —
(5p™ —201)*  (5p" + 21)?
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1 1
0 +
-2 (o 2
1 1
+ > T 2
(3p™ —20)°  (3p" 4+ 2I)
N 1 N 1 = 1
(5p" — 202 (Bp" + 20>  4p® cos®(L )
P

Proof: By 7,,,. based on Wtan(m);.lil

-1

n
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30.

1 1
2 02wn2l 2t
7 = 9°sin (971')[ =
30.1 %—L—I-L
102 17°
41
192 26°
R’l —1 i+ 1 + 1 + 1 + 1 + —W—Q
P 10 17 192 260 9Psin’(ln)

sin(; ) solves the cubic 4a® — 3z + %\/5 =0

Proof: By 7.,. based on 7 cot(nz) L >
+)
72 = 9%sin?(L ) 1 !
9 12 (9 1)2
1 1 0
(O+17 (29 -1y
1 1
+ + +

sin3A4 = —4sin® A + 3sin A =

= sin(;7) = —4sin3(é7r) + 3sin(zm) =
—_—

V3

1
2

= sin(é ) solves the cubic 42° — 3z + %\/g = 0.0
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2 — o2 i 1
cos(fm) |1 g2
30.2 —LJFL
102 172
R
192 262
2 1
1 1 1 1 1 1 1 7 cos(; )
51/9:___2_ T e T T oae 2+’“:2~29
1 8 10 17 19 26 28 9° sin (éﬂ)
1 1

Proof : By 7, based on m—

sin(7z) (2 + é)z

2 g sin2($7r) 11
cos(zm) (17 (9—1)
S S — .0
O+17 (209 -1
1 1
+ — —+
209 +1" (309 -1
cos?(L
7% = 4(9)— (19 )[%_%
Sln(§ )\ 7 11
30.3 L + 1
25% 297
A1
43*  47°
1 1 1 1 1 1 w? sin(} 7)
01/9 2 2 T om2 "o T2 o2 T ol 2
70117 25°  29°  43° 47 4(97) cos™ (5 )
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1

cos(mz) (z — é)Q

Proof : By 7.,. basedon «

W2:4(92)c§82(57f) 11
sin(lm) (922 (9+2p

1 1
- S+ 5 .0
39) -2 (309 +2)
1 1
T 2 2 ]
(5(9) —2)" (5(9) +2)
11
2 _ 2 2/1 L
T = 4(97) cos”(; ) = + e
30.4 PRI
25% 29
A1
43* 47
po_ L ot 1 11 us 1
YO a2 o5 292 43 4T 4(9) cos(ln)
Proof : By 7,,,- based on 7 tan(7z) L e
T = 4(92)COS2(%7T) L + !
(9—2)% (9 +2)?
1 1
- >+ 5 .0
39) -2 (3(9) +2)
1 1
- - —
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31.

31.1

1
2 _ 02 ain2(2
m° = 9°sin (9%)[ +

22
11
112162
1.1
20°  25°
111 111
T =gt e e e T T

2

sin(27) solves the cubic 4z° —3z +1 =0

Proof: By 7.,. based on 7 cot(nz)

(z + 2)2
1 1
72 = 9%sin’(27)| = +
(9 ) 12 (9 . 2)2
1 1
9+27 (209 —2)
1 1
+ 2 + 2
(209) +2)° (3(9)—2)
sin34 = —4sin® A + 3sin A =
= sin(327) = —4sin3(%7r) + 3sin(27) =

:

= sin(27) solves the cubic 42” — 3z +1=0.0
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2(2
o , Sin (§7T) 11
cos(2m) (22 72
1 1
31.2 -—+—
117 16
1
20° 25
2 2
1 1 1 1 1 1 m° cos(gm
S9= T et T o o T w 29 )
22 72 112 162 202 25 92 sin®(2 )
1 1
Proof: By 7,. based on m— ,
sin(mz) (z + %)2
202
sin“(2 7
=9 (29 ) lQ_ 1 2
cos({m) (17 (9-2)
S O
(9+2° (29 -2)
1 1
+ —— -+
(209)+2)" (309)—2)
22
2 = 49 cos™ (¢ ) 1 1
sin(2m) (5% 137
31.3 —L—I—L
23 317
I
41 49°
1 1 1 1 1 1 2 sin(27)
Co =3~ omtag Tz g T 7T2 29
52 132 232 312 412 49 4(9%) cos? (2 )
1 1
Proof: By 7... based on 7 ,
cos(mz) (z — %)2
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o 4(92)C§S (57) 1 B 1
sin(Zm) ((9—-2(2))°  (9+2(2))°
1 1
- > T 2 U
(309) —2(2))"  (3(9) +2(2))
1 1
+ — —
(5(9) — 2(2))*  (5(9) + 2(2))* ]

11
7T2 = 4(92)C082(% W)[5—2 E
31.4 PRI
23> 317
I ]
412 49°
po_ L, 11t 11 m 1
MR 13 232 312 412 498 4(9%) cos’(2r)
Proof: By 7,,,. based on ﬂtan(m)( L 2y ,
Z —_ =
9
7 = 40 cost(2m)| — 4
9-22) O+202)
1 1
+ 5+ ; .0
(39 —2(2))  (309) +2(2)
1 1
+ + -
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32.

1 1
2 _ 02 win2(4
7T—9SlIl(97T)[ +

4% 52
32.1 TR
132 142
RN
222 232
Ryg=—+tp Ly b1,
YO s 32 142 992 232
sin(2) solves the cubic 4z’ — 3z — %\/5
Proof By 7,,. based on 7 cot(nz) L
Z + %)2
1
2 2 204
™ =9 sin* G| —= +
9 42 (9 . 4)2
1 1
;T 2
9+4) (209)—4)
1 1
+ +

(209) +4)°  (3(9) — 4)°

sin3A4 = —4sin® A + 3sin A =

= sin(357) = —4sin3(%7r) + 3sin(;m) =

H. Vic Dannon

= sin(4 ) solves the cubic 42 — 3z — %\/5 = 0.0

9
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2 = 281112(3”)[ 1 1
- 1.2 R2
cos(ym) (4> 5
32.2 L + L
132 142
LN ]
222 232
g -t 11 1 1 mesm)
VO 52 132 142 222 932 92 sin?(4 )
1 1
Proof By 7,,.based on 7— ,
sin(mz) (z + %)2
7 = 9?sin*(47) 11
9 42 (9 . 4)2
S — 0
(9+47  (209) - 4)°
1 1
T 2 2
(209) +4)° (3(9)—4)
72 = 4(9)? Eallt W)[ S
- 4.\ (12 172
sin(ym) (12 17
32.3 L + 1
19 357
I
37° 53
1 1 1 1 1 1 72 sin(gm)
Cow=G e Tt T g 204
12 172 192 352 372 53 4(9) cos® (4 )

Proof By?7,.. based on 7 ! ! ,

cos(mz) (z — 4)?
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1 1
2 _ 2 204 B
T = 4(9)” cos”(; ) 2T
32.4 + L + =
19> 35
LN
37° 53
To=ty Ll L L 1 1 w1t
4/9 12 172 192 352 372 532 o 4(92) cot (% 7T)
Proof By 7,.,. based on Wtan(wz)( ! s
P
9
7 = 4(9) cos? (4 ) ! -~ ! 5
(9—-2(4))" (9+24)
1 1
N ;T 2 =
(3(9) —2(4))"  (3(9) +2(4))
1 1
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33.
= 3 1—|—i
1 52
33.1 IR
72 112
132 172

R I R S _T
A T 9
Proof: By 7.,. based on 7 cot(rnz) L 5
z+ é)
2 = 6 SiDQ(%T{') 1 !
— % 212 (6—1)
1/2?
1 1
(6+17 (26)—1)
1 1
- S+ 5+
(2(6) +1)°  (3(6) - 1)

1 1
2 _ 2 92| -
T —\/53 [1 =
1 1
33.2 _?+ﬁ5
11 ]
132 172
1 1 1 1 1 23
S1/6—_____+ - T T g o
1 5 72 112 132 177 9 2

Proof: By 7,,. based on 7— ! L ,
sin(mz) (2 + é)Q
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2 _ sinQ(éw) l—l— 1
cos(éﬂ) 12 (6—1)>
(1/4)/(3/2)
1 1
+ 5+ 5 .0
(6+1)° (2(6)—1)
1 1
+ S+ 5+
(2(6) +1)°  (3(6)—1)
l_i_i+ 1 N 11
33.3 J3 = o4 52 7% 112 13%2 172
LR NI S S
1 5 72 112 13*> 177
Proof: ﬂD
/6
, 31 1
R
211 92
1 1
33.4 _E+?
1 1
7
1 1 1 1 1 1 2,
R R A
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S Nl S
sin(lm) ((6-2F  (6+ 27
[ —
(3/4)/(1/2)
1 1
- ;T 2
(3(6)—2)"  (3(6) +2)
1 1
- 2 2 ]
(5(6) —2)"  (5(6) +2)
o, 671 1
2 (1 22
33.5 + L + 1
4* 5
1 1
+ 7—24-? —
T 1 1 1 1 1 1 2
ST T E TR T e T T
Proof: By 7,,,- based on 7 tan(nz) oL
T = 4(62)(:082%%) L 5+ ! 5
3/4
1 1
+ —+ 5
(3(6) —2)"  (3(6) +2)
1 1
+ + -
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11
2 12w/l N E L
7 = 18%sin (187T)[1+172
1 1
34.1 +—+—
192 352
I ]
32 53*
Rl_1+1+1+1+1+1+_ s
T 19 33?37 532 18%sin’(Ln)
Proof: By 7,.,. based on 7cot(nz)———
(z + L)
18
1 1
2 _ 2 1,271
™ =18 sin“(—=7)| — + ——
(18 ) 12 (18—1)2
1 1
- -
(18 + 1> (2(18) — 1)
1 1
- - -
(2(18) +1)*  (3(18) — 1)
201
2 , Sin (gﬂ') 11
cos(ym) (1 177
34.2 - Ly L
192 357
N ]
37* 53
1 1 1 1 1 1 w? cos( [} )
51/18:__ 2 oz T arz T amr ez T Tar 2
1 172 192 352 372 53 18° sin(L 7)
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sin (== \/ [1— cos(: \/ [1—81n

And sin(% ) solves the cubic 42° — 31 — %\/g =0

Proof: By 7, based on 7— ! L
sin(mz) (z + é)Q

1
Tl R N
cos((zm) (17 (18 —1)?
1 1
- +
18 +1)*  (2(18) — 1)
1 1

+
(2(18) +1)*  (3(18) — 1)

2
sin
w2 =182 (s

sin3A4 = —4sin® A + 3sin A =

= sin(357) = —4sm( )+ 3sin((7) =

9

1
23

= sin(% ) solves the cubic 4z° — 3z — %\/5 = 0.0

34.3 -t

Cir=——"——"—+—+—F—-———.=—F—F°*—
VIS g2 5 132 142 292 932 02 6082(1 )
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1

cos(mz) (z — %)2

Proof: By 7., basedon «

201
COS™ |\ T
T = 4(18%) o1 1

sin(357™) (18 =2 (18 + 27

1 1
T BI8) — 22 | (3018) + 27

1 1
+m&m2m&m2»

11
2 a2 201 T
T =97 cos”(;; ) 2 +52
34.4 T
132 142
11
22  23°
T =y 11 R
VR s 11 222 28 9% cosP(Lm)
Proof: By 7,,,. based on 7tan(wz) L
(2 = L)
18
1 1

2 _ 2 201
¢ = 4(18%)cos”(-=m +
(187 cos™l3s )ag—mQ (18 + 2)°

+ L + L
(3(18) —2)*  (3(18) 4 2)?
1 1

+ + -
(5(18) —2)*  (5(18) + 2)?
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1 1
2 1Q2uin2(5
7 = 18 sin“(&27)| — + —
s >[52 132
35.1 y L1
232 312
Lo ]
412 497
Vs a3 23 312 412 49 18%sin(3n)
Proof: By 7.,. based on WCOt(WZ);’
(2 + )
18
1 1
2 _ 2 275
m° =18"sin“(27)| — + ———
8752 (18 — 5
1 1
+ 5 + 5
(18 +5) (2(18) —5)
1 1
T ;T -+
(2(18) + 5% (3(18) — 5)
2 — 182 Slnz(%ﬂ)[l L
5 2 2
cos(;;m) (5° 13
35.2 41
232 312
Lo
412 497
L1 1 1 1 1 w? cos( 2 )
52 132 232 312 412 49 18” sin*(5 )
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1 1

sin(7z) (2 + %)2 ’

Proof: By 7,  Basedon 7

. 2 i
si(emf1 1
cos(Xm) (5% (18 —5)
- ! .0
(18 +5)*  (2(18) — 5)?

1 1
+ — — ..

(2(18) + 5)*  (3(18) — 5)?

w2 =182

—_

35.3 -——+—

RIS S S SO S o sin(gm)
22 7 112 16° 200 25 9%cos*(S7)

05/18 =

1

cos(mz) (z — %)2

Proof: By 7., Basedon 7

)

= 4(182)&?82(158 ™ L — L
sin(2m) [ (18 —2(5))° (18 +2(5))°
1 1
(318) — 25)7 | (808) 1 25))°
1 1

T 508) —26)  (G08) + 205))°
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72 = 9% cos*(2 ) 1.1
18 22 72
35.4 P
112 162
11
20> 257
r, -+ 11 1
S8 g2 T2 g2 g2 92 952

Proof: By 7,.,. Based on 7tan(nz)

(2= 5)

2 = Necos} (2 ! !
TG s T s 20
+ ! + !
(3018) —20)7 | (308) 1 206))
1 1
(518) —26)7 | (G(18) + 25))

K

_|_

+ ...
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1 1
2 2 207
7™ =18 sin“(+7m)| — + —
(18 )[72 112
36.1 + L4 L
252 292
IS ]
432 47
PR NS SIS SIS SV SN SO
Tz a2 952 297 43 47 18%sin®(La)
Proof: By 7.,. based on wcot(m);?,
(z + )
1 1
2 2 207
7™ =18 sin“(+-7)| — + ——
(18 ) 72 (18_7)2
+ 1 S+ L 5 .0
(18 + 772  (2(18) —7)
1 1
+ 2+ 2
2(18) +7)° (3(18)—17)
207
SINn (-7
72 — 182 (;8 )[%_%
cos(fFm) (7% 11
36.2 LS
252 292
R
432 472
1 1 1 1 1 1 2 cos((5 )
S7/18:_2_ 2 oz Toz T T T 1oz 2
72112 252 292 432 47 18° sin® (L )
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Proof: By 7,. Based on m— ! ! ,
sin(7z) (z + é)Q
2ot 1
cos(Lm) (7% (18 —7)
1 n 1 0
(18 +7)%  (2(18) — 7)?
1 1
+

(2018) + 72 (318)—7?

o _ g cos(Em)(1 1
sin(fm) (1 87
36.3 .1
10> 177
B
19> 26°
1 1 1 1 1 1 % sin (5 )
Crs=n e e Tt e om 2 2
& 100 177 197 26 9° cos™ (L m)
1 1
Proof: By 7., Basedon 7 ,
cos(mz) (z — %)2
207
cos” (L
T = 4(18%)— (5 ™) ! — !
sin((Sm) (18 —2(7))* (18 +2(7))°
1 _ 1 2 0
(3(18) = 2(7))"  (3(18) +2(7))
1 1
+

(5(18) —2(7))*  (5(18) + 2(7))*
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72 = 9?2 cos®(L ) L
18 1 82
364 +J;+¥L
10> 172
1,1
192 262
1 1 1 1 1 1 2 1
T e =—+—+ + + + 4=
ST g 02 17?192 267 92 cos?(Z )

Proof: By 7,,,. Based on 7rtaun(7rz)(;7)2
Z —_
18

1 1

ag—mﬂf+@8+%mf

+ L + L .0
(3(18) — 2(7))*  (3(18) +2(7))*

+ L + L + ...
(5(18) — 2(7))*  (5(18) + 2(7))?

K

72 = 4(18%)cos? (% )
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