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Optical Solitons

Optical Solitons are pulses enveloping an optical frequency carrier
that keep their shape as they propagate through the optical fibers.
A wave packet fed into an optical fiber, evolves into a soliton if its
group velocity dispersion is balanced by its self-phase modulation
in the glass.

That balance is attained when the frequency w of the carrier
under the pulse, remains the same before the peak of the pulse,
and beyond the peak of the pulse.

The frequency w, is the time derivative of the Non-linear phase
function of the pulse in the optical fiber.

the phase function is necessary to obtain an expression for the
wave packet that is used to derive the Non-Linear Schrodinger
Equation, the Soliton’s equation

The phase function depends on the frequency w, and on the

refractive index n(w,F,), where E, is the Amplitude of the wave
packet, and may be approximated by a Taylor polynomial in the
variables w, and E|,.

That approximation is nowhere to be found in the literature.
authors seem to know about Taylor polynomials in one variable,

but not in two variables.
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Consequently, the literature has no substantiated derivation of
the Non-Linear Schrodinger Equation.

We aim to show that Solitons may be represented by a Delta
function, but this requires that generation of Solitons be clearly
understood.

In section 1, we obtain the Taylor approximation for the nonlinear
phase function, and the expression for the wave packet

In section 2, we derive the Non-Linear Schrodinger equation.

In section 3, we discuss dispersion and phase modulation of a
Gaussian pulse, in order to gain insight about pulses in general,
and solitons in particular.

In section 4, we obtain the Non-linear Schrodinger equation
modified for solitons, and in section 5 the equation for the Soliton’s
envelope equation.

in section 6, we present the known fundamental Soliton solution,
in a form that will enable us to establish that it may be
represented by a Delta function.

We do that in the second part of the paper, in sections 7-13.
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1.

Non-Linear Phase Function

Consider a wave packet of light frequencies propagating in an

optical fiber,

= [ A,

W=—00

The wave packet may be written as

w —iw,t f A wUt Bz) “"tdw
W=—00

Then, it is an envelope f A(w)e“t=Feitq,  modulating a

wW=—00

carrier with frequency wj,.
The phase function is
wyt — Bz.
In the air, § is a constant §,. In the optical fiber, 5 is a

nonlinear function of w, and of the light intensity /. We aim to

express ( in terms of w, and 1.
Let E, and B be the electromagnetic fields of the wave packet.
By Faraday’s Law, V x E = —8t§,
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V x(VxE)=Vx(-8,B),
V(V-E)-V*E = -9,V xB,

= —0,V x (M + uoﬁ)

Assuming a scalar dielectric coefficient ¢ = ¢,¢,, and V - E=2,
5

Assuming no electric charges, p = 0, and V - E=0.
Assuming no magnetic charges, M =0, and
—V2E = — 11,0,V X H
By Ampere’s Law, V x H = J + 8tl_j.
Assuming no current, J = 0, Vx H = 8tl3, and
V2E = uoaff)
= Noa?(gogré)
= so,uoc??(erﬁ)
Assuming a Plane Electromagnetic wave propagating in the 2z
direction, E = [E(z,t), 0, 0}, and
O’E = g u,07 (¢, E).

The refractive index is

and

where
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1

is the speed of the light in the vacuum.

Since

and since
SRS 14+ v,

where Y is the susceptibility of the optical fiber, we have
n®> =1+ y.
In a Non-Linear Optical Medium, yF may depend on powers of
the electric field F
xE = xVE + xPE? + YO B3 4 ..+ x\\WEN,

1)

2) (V)

where the coefficients ! are very small. In Optical

' X
Fibers, we put ¥ = 0, and assume a cubic nonlinearity

xE = X(I)E + X(3)E3.
Therefore,
n*E = (1+ x)E

= 14+ YNE + xOE3,
Substituting a harmonic Electric field
E = Ey(z,t)cos(wt — kz),
n?E, cos(wt — kz) = (1 + xW)E, cos(wt — kz) + X'V E cos®(wt — kz)

Since E, = 0,
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n? cos(wt — kz) = (1 + xV)cos(wt — kz) + X'V EZ cos®(wt — kz)

Now,

COS3(L¢Jt _ ]{?Z) — ig(ez(wtkz) + efz'(wtfk’z))?)
2

_ i(e?)i(wt—kz) + 3€i(wt—kz) + Be—i(wt—kz) + €—3i(wt—kz))

23
In Optical Fibers, the third harmonics 3(wt — kz) is negligible, and

3

23 (ei(wt—kz) + e—i(wt—kz))

cos® (wt — kz) ~

3
= —cos(wt — kz
2 cos(t — k)
Substituting into the equation for n?,
n? cos(wt — kz) = (1 + x)cos(wt — kz) + Zx(g)Eg cos(wt — kz)
Since cos(wt — kz) does not vanish identically,

n? = (1+xW) + zx(?’)Eg.

Denoting
1+ W = Ny
we have
1
3) 2
n 13X gl
n 4 n2
0 0

Since ¥ is very small,
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3 +3)
8 ng
Thus,
3)
n%no—kﬁx Eg
8 ny,

H. Vic Dannon

The dependence of n on the frequency w is implicit, and we shall

expand
n = n(w,E,)

in a Taylor Polynomial of the second order about the point

w = w, E, = 0.
0 0
n(w, By) = ”(W()»O)"‘_n (w_w0)+—n
Ow |w=u, OE,
E,=0
2 2
lM (w . wO)Q + 8 n
2 0w? |w=u, OwOEy |w=y
E,=0 E,=0
Here,
on 3
8E w= N 4 n 0 Ww=w,
075, =0 0 g8
2 (3)
o“n _3 8wx_ E,
8W8EO u_):_w 4 nO
=
1) _3xY
20E2 e, 8 7
015 =0 0
Therefore,
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9 16° 3 (3
n(w,By) = nw,0)+ 22| (w-wp)+5o| (-l + B
ow wf_w(% 2 Ow* lw=w TLO
=
. Wy
Multiplying by k, = —,
c
0
2 (3)
bgnlio, Ey) = hynlg,0) + 2001 gy RO ey 03X
Ow w=uw, 2 8(,(}2 = w Co 8 n,
Blw,Ey) By Eo:é E0:8
Z%Eﬂl 227[;5/?2
Denoting
3 3
30
4 c,eomy
we have,

1 1
B(w,Ey) = By + B(w —w,y) + §B2(w — w0)2 + §w050n0n2E§.
Denoting

_ 2
I'= —cpgonoky

N | —

the refractive index is

n(w, 1) = ny +nyl,
and

B d) = By + By = )+ 5 Bl =+ T
0

Therefore, the phase function is
1 5 W,
wot —| By + By (w —wy) + 562(w —wy)” + c_n2I Z,
0

and the wave packet is

10
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l

1 w,
th—[ﬁU—l—ﬁl(w—wo)—kéﬁQ(w—wO)Q—l—c—onQI]z »
0 e“"dw.

Yz, t) = e it wfoo A(w)e

W=—0

This wave packet leads to the Non-Linear Schrodinger equation.

11
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2.

Non-Linear Schrodinger Equation

The wave packet

[ B e o Dy e |
Y(z,t) = e ! f A(w)e % e dw
Ww=—00
w=00 i[(t—ﬁ ) w—wy B, (w—y 2=, Iz]
= ei(wﬂtiﬁoz) f A(CU)@ ! 0 2 ? ’ CO 2 dw
(:,(}:—OO
EO(Z,t)
is an envelope
(t—pB,2)(w— wo);ﬁQ(wwO)szonQIz]
f Alw “ dw

w=—00
modulating the carrier ¢/“o'~%?),

We show that the envelope satisfies the Non-Linear Schrodinger

Equation.

1 1 2
0,E, + B8,0,E, — 25528#1*70 + 5 @0, \EO\ E, =0

il (t—0,2) (w—w, )—%ﬁQ (w—wy)? z—%r@[z ]d
0 w

12
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w=00 , 1 W
- i| (t—B,2) (w—y, )—732(w—w”)2z——“n2lz]
=—i f Alw)e [ o2 ‘o Bylw — wy] + l62[cu —w,lF + ﬂ7121 dw
w=—00 2 €y
w=oe i (t—ﬁlz)(w—wo)—;HQ(w—wo)Qz—wonQIz]
= —0 1 w— W w)e w
Bii [ (w—wpAw) o
w=—00
9,E,
= . 1
) w=oe ) 2[(t—ﬁlz)(w—wo)—262(w—w0)22—OnQIz]
+i— B, 1 f (w—wy) Alw)e o Jdw
w=—00
9,5,
= . 1
w w=oe z[(t—ﬁlz)(w—wo)—252(w—w0)22—OnQIz]
—i —n,l f A(w)e % w
%
w=—00 )
Wy | E, |2 Ey
Therefore,

1 1 2
0.Ey = =30,y +i50,By = iZwsynn, |Ey| E,.O
We proceed to explore the possibility of a Soliton solution for the
Non-Linear Schrodinger equation.

To that end, we follow the propagation of a Gaussian pulse

through the optical fiber.

13
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3.

Dispersion, and Phase Modulation
of a Gaussian Pulse

Since the wave packet is

:ZWOfA

wW=—00

—[By+ 6, (w— wo)—i- By (w— w0)2+70n21]z ot
0 e“dw,

we have,

= wfoo A(w)e™'dw.

wW=—00

Therefore,

Alw) :i ] 90, e dt

t=—00

Let 1(0,t) be a Gaussian pulse enveloping the carrier ¢,

Then,

Alw)

To0 it
= — Ce “%t "“le=lqt
2

t=—00

14
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t=00 1) ¢
1 ol 2
=(C— e L7
27 t:\[m
1 t=o00
=(0— e’
21
t=—o00
1 t=oo 1/t
AN
== —_ e t
2T f
t=—00
Put
S z'la (w
dr = ldt
Oy
Then,
T=00 _1 9
A(w) :CQLUt f e 2 dre
T
Jor
1 — af(w wo)2
=(C—o0,
N2 !
Denoting

The wave packet is

15
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,,Uf (wy fw)Q

dt le 2
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—[8y+ 8, (w— wU)—i- By (w— wO) +%n21]z

Yz, t) = e 0! f A(w)e 0 e“dw
| wyt—p0 nQIz] W= z[(t—ﬁlz)(w wy) 16 (w—wy) ]
. ot f A(w)e 075 0 w
i| wyt—Byz——2n. Iz] =00 z[(t—ﬁ z2)wo—=0 sz]
. o, f A(w)e 1 2 5

Plugging in the A(w) of a Gaussian Pulse,

1 i wot—ﬂoz—ﬂnﬂz w=0o —10%12 i (tfﬁlz)dflﬁfb?z
¢ 2
P(z,t) = C’Tate 0 f e?2 e
2T -

W=—00

dw

1 i[wot—ﬁoz—““ngfz] v —%QQ(Jerz‘ﬁgz)Jri((t—ﬁlz)d) N
o€ 0 f e dw.

= (0 —

N2 oo
The exponent of the integrand is
—lw2 (02 + 13 z) +i(t — B,2)w =
9 t 2 1 =

2
1| T 8,7 2 -
_ —E[w(af —|—zﬁ2Z)2 —z(d? -|—z522) 2(15—512)] 2%

w

Denote
1

w = Cu(af + iﬁQz)i — i(af + i@z)_; (t — B,2)
Then,
dw = (Jt? + zﬂgz); do,

16
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and the wave packet is

C i wot—ﬁoz—wonQIz] 1w _1@? _;(tz_ﬁ.lZ)Z
Y(z,t) = ——o,e “ (03 —l—iﬂ22) 2 f e 2 doe “0 T2
V2T W=—00 )
Va2
i[wot—ﬁoz—%%lz] _1 ;W
— Oo_te ¢ (0_152 + 2/622) 2 e gy ‘I’ZﬁQZ
Simplifying,
1
1 (Ut — iBQZ)Q
1 1

Byz

ag

[N}
N
Do | —

1 I - arctan[
_ (o + 5222 P o

(af + 52222 )2

t

1 z
iarctan[ 622 ]
e’ 7t

1
4 2.2\4
(of +852*)
1(t—p,2) 1 02—,z 9
9 2 : 9 i 222(157612)
e o5 +ify2 — e o, +B5%
L% gop LB gy
) 9 g\ M1 Ps M
— e 2 Uf‘—i—ﬁézz 62 Jf—f—ﬁQQzQ
Hence,

17
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1. Byz
. w ——garctan 2] 1 _o't2 , 1. By )
z[wot—ﬂoz—con21z e o §U4+ﬁ2z2(t_51Z) §ZU4+62z2(t_ﬂ1Z)
Y(z,t) = Co,e 0 —e T e 7t
(af + 622z2 )4
2
—9 2
(t=p,2) w 1 Goz| 1 Byz
ol +62° | wyt—Byz——Lnylz—— arctan| "2 4= 2" (13, 2)?
— Cate e el “ot =P C iy o} 20?-’-52222( bre)
1
4 2. 2\1
(o + 5527
The Power of the Pulse is proportional to
—202
L (t_ﬁ1z)2

t
+ €

5 O2c2 ol + 3222

(2 t)| = 1
(af + ﬁzzzQ )2

Amplification along optical fibers, renders them loss-less medium,

and the pulse power does not dissipate with z. Alternatively, we

may take
2.2
1> 22
ol
Then,
( ) %(tfﬁlz)Q i[wotﬁozzjon?h;amtan[if +i24z(tﬁ1z)2]
Y(z,t) ~ Ce” € ’ t t
Hence,
—2 2
— t_
5 e o’f( Byz)
W(Z’ t)‘ ~ (C%e )

and the Gaussian Pulse power is

18
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7(75 613)2
P(t) = Pe”t

The intensity of the field in an optical fiber is

where A, " is the effective area of the fiber’s cross section.

Therefore, the phase of (z,t) is

1
@(t) = wyt — Byz — “ —n, Iz — —arctan —- 62 + —= Pz —(t — Bz 2)? =
0 2 Ot Jt
(t Byz)?
F, % 1
:wot—ﬂoz—ﬂnge—z——arctanﬂ Pz (t—ﬁ1 2.
(! A 2 ol o}
The frequency of the carrier is
w(t) = 0,
w P 4 ;T(t_ﬁlz)Q 6 z
= w, ——2n,—Lz ——2(t—ﬁlz) et +%(t—ﬁ1z)
¢ Ay { o oy

w P
= w, + 4—0n2—0ze‘7t .
% eff 0y 0y

The frequency of the carrier is w,, only at the peak of the pulse

19
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That is, at

t = Bx.

Otherwise, the frequency depends on the sign of

4ﬂn2 ize;‘f(t_ﬁlzy + ﬁi;
9  Hep 7
The two terms in the sum have opposite signs, because in Optical
Fibers
n, >0,
and
B, <0.
There are three cases
(I) Group Velocity Dispersion
If

4—n2—zeo; + —= > 0.

Then,

The frequency decreases before the peak of the pulse, and the
carrier vibrations get dispersed

The frequency increases beyond the peak of the pulse, and the
carrier vibrations get compressed.

(IT) Self-Phase Modulation

If

20
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t B,2)
w P 17 ﬂ
4—0n2—0zeat P2

=0 eff oy

< 0.

Then,

The frequency increases before the peak of the pulse, and the
carrier vibrations get compressed

The frequency decreases beyond the peak of the pulse, and the
carrier vibrations get dispersed.

(ITI) Optical Soliton

If

Then,

The frequency remains the same w, before the peak of the pulse,
and beyond the peak of the pulse.

the carrier vibrations dispersion is balanced by their compression.
We will modify the Non-Linear Schrodinger equation to generate a

Soliton solution.

21
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4.

Non-Linear Schrodinger Equation
for Solitons

The condition for the evolution of a Gaussian pulse into an Optical

Soliton, involves a transformed time

t— Bz

o

t

where o, is the standard deviation of the Gaussian distribution.

Thus, we should expect an optical Soliton time to be of the form
t— Bz

T
where T is the time-width of the Soliton.

)

But Soliton width which is not known at this point, can be
introduced in a natural way after further developments.
Rather than introduce an unknown 7' ,we transform the time ¢ to
T=1—[0z.
Then, the Soliton’s envelope moves at the group velocity
1
g ﬁl ’

The Non-Linear Schrodinger equation

v

22
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1 1 2
0.E, + (,0,E, — 25626ttE0 + 15%50”0”2 ‘EO‘ E, =0,

will transform to an equation that depends on T'.

The modulating envelope is
Ey(z,t) = f(z,7)

Then,
OB, _0f0s  0for

0z 020z 0t 9z
1 -85

=0.f—50.]

OB, _ 00z 0f O
ot 9z9t 0t 9t

0 1
=0 f

0°E,  9(d.f)

9z or
ot 9z 9t or 0t
0 1

- aTTf

Hence, the equation transforms to

1 1 2
0.E, + B,0,E, —i=pB,0,E, +i=w,e,nn, \EO\ E, =0
azf_ﬂla’ff a'rf aTT'f |f|2f
That is,

1 1 2
ﬁzf—za@aﬁf + Z§w050n0n2‘f‘ f=0.

23
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.

The Soliton’s Envelope Equation

The Non-Linear Schrodinger equation

1 1 2
azf—zi@ﬁﬂf + ziwosonOnQ‘f‘ f=0.

describes the propagation of a wave packet envelope in the optical
fiber, in a coordinate system (z,7)that moves with the pulse peak.
Since a Soliton’s envelope does not depend on 2z, a Soliton solution

has the form

f(z,1,0) = au(T)e®®

where
u(7) is the Soliton’s envelope, 7 =1t — §,2.
®(z) the Soliton’s phase, depends only on z.
¢'(T) is unchanged with time,
and

a is the maximal amplitude. That is,
0 <u(r)<LI.

Substituting in the Nonlinear Schrodinger equation,

au(T)eig'(z) — 75%52““ "(7)e’ ) + i%“3w050”0"2“2“6i¢(z) =0,

24
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1 1
u(T)p'(2) — 552u "(1)+ EaQwOEOno%ug =0
n
¢'(z) = 1@2 v (7) — l(12woz-:on()nQu?.
2 7 wu(r)

Thus, both sides equal to a constant «. Hence,

o(z) = az,
and
n
a = 162 U—(T) — la2u)0&:OnOnQUQ
2 7 u(r)
Therefore,

u"(1) = i(204u + a2w050n0n2u3)
2

is the Soliton’s Envelope Equation.

25
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6.

The Fundamental Soliton solution

To solve the Soliton envelope equation
u"(1) = —(204u + a’wygngnyu’ ) ,
2
multiply it by the integration factor 2u'(7).

1
2u'u" = —(4auu '+ 2a2w050n0n2u3u')
2

D_ (u')2 = i[2ozDT <u2 ) + %a2w050n0n2DT (u4 )]
2

Integrating both sides with respect to 7,

1 1
(u')Q = —[2au2 + §a2w050n0n2u4 + C’l].
2
Assuming that if 7 — oo, then «' — 0, and ©« — 0, we have
C, =0,
and

1 1
(u'>2 = —[204u2 + §a2w050n0n2u4]

Py

_ 1
By

At 7 =0, u(r) peaks to u = 1. Then, u' = 0, and the equation

2

1
u? {2@ + §a2w050n0n2u

26
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becomes
1 1
0= 6—[204 + §a2w060n0n2 ]
2
Hence,
I
20 = —Ea WMy -

Substituting into the Soliton envelope equation

1 1 1
(u ' )2 2 [— 5 a2w080n0n2 + 5 a2w050n0n2u2 ]

= —u
Py

1 2 2 2
= T@a WMy Myl (1 —u )

H. Vic Dannon

In optical Fibers (3, < 0, and since the maximum of v is 1, the

square root of the right hand side is real positive, and we have

1
u' = a\/—wosonOnQ uN1 —u?.
—24,

1
T
Denoting
a WAEAT T 1
~26, 0%0™0™2 = 7
u':%uxﬂ—?ﬂ,
where T > 0.
du :ldT

Integrating both sides,

27
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du 1
——=—|dr + C,.
f uN1 — u? T f ?
From Integration Tables, [Spiegel, p.69],

1+V1-u? 7
U

- 110,
T 2

—log

At 7 =0, u(7) peaks to v = 1. Then,

—log =—+C,
That is,
0=0,,
and
1431 —w? e—%
u

—ue T —ue T +1

T T

0=ulule T+1)—2 T

28
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Lo L[
T WyEoMoMy ’
and
1
oz = —Za WoENTa?
_ B
272

Thus, the Fundamental Soliton solution to the Non-linear

Schrodinger equation is

By
-2 —i—z
fomT) = & | =2 Lo
T\ wyegngny t—z/v,
T

cosh

The Soliton’s amplitude depends on its width T .

29
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Delta Function

We aim to show that the Fundamental optical Soliton can be
modeled by a propagating Delta Function.

The description of the Delta Function as the limit of a Delta
sequence leads to divergent integrals, and to meaningless equality
to the inconceivable infinity.

In the Calculus of Limits, the Delta function is not defined, and its
power to describe physical singularities is restricted.

Using infinitesimals, and infinite hyper-real numbers, the Delta
Function can be defined on the hyper-real line, an infinite
dimensional line that has room for infinitesimals, and their
reciprocals, the infinite hyper-reals.

Then, the Delta function is the whole infinite Delta sequence, and
serves to model singularities.

In the next sections, we sum up the main points necessary for the

definition, and the application of the Delta function

30
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1.

Hyper-real Line

Each real number o can be represented by a Cauchy sequence of

rational numbers, (r,7,,7;,...) sothat r — o.

The constant sequence (o, o, a,...) is a constant hyper-real.

In [Dan2] we established that,

1.

6.

7.

Any totally ordered set of positive, monotonically decreasing

to zero sequences (i,iy,t5,...) constitutes a family of

infinitesimal hyper-reals.

. The infinitesimals are smaller than any real number, yet

strictly greater than zero.

l,i,l,...) are the infinite hyper-reals.

Their reciprocals (
Ll L2 L3

The infinite hyper-reals are greater than any real number,

yet strictly smaller than infinity.

The infinite hyper-reals with negative signs are smaller

than any real number, yet strictly greater than —oco.

The sum of a real number with an infinitesimal is a

non-constant hyper-real.

The Hyper-reals are the totality of constant hyper-reals, a

family of infinitesimals, a family of infinitesimals with

31
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negative sign, a family of infinite hyper-reals, a family of
infinite hyper-reals with negative sign, and non-constant
hyper-reals.

8. The hyper-reals are totally ordered, and aligned along a

line: the Hyper-real Line.

9. That line includes the real numbers separated by the non-
constant hyper-reals. Each real number is the center of an
interval of hyper-reals, that includes no other real number.

10. In particular, zero is separated from any positive real
by the infinitesimals, and from any negative real by the
infinitesimals with negative signs, —dx .

11. Zero is not an infinitesimal, because zero is not strictly
greater than zero.

12. We do not add infinity to the hyper-real line.

13. The infinitesimals, the infinitesimals with negative
signs, the infinite hyper-reals, and the infinite hyper-reals
with negative signs are semi-groups with

respect to addition. Neither set includes zero.

14. The hyper-real line is embedded in R*, and is not
homeomorphic to the real line. There is no bi-continuous
one-one mapping from the hyper-real onto the real line.

15. In particular, there are no points on the real line that

can be assigned uniquely to the infinitesimal hyper-reals, or
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to the infinite hyper-reals, or to the non-constant hyper-
reals.

16. No neighbourhood of a hyper-real is homeomorphic to

an R" ball. Therefore, the hyper-real line is not a manifold.
17. The hyper-real line is totally ordered like a line, but it

is not spanned by one element, and it is not one-dimensional.
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8.

Hyper-Real Integral

In [Dan3], we defined the integral of a Hyper-real Function.

Let f(x) be a hyper-real function on the interval [a,b].

The interval may not be bounded.

f(z) may take infinite hyper-real values, and need not be
bounded.
At each
a<x<b,
there is a rectangle with base [z — %”’,x + %I] , height f(z), and area
f(z)dz .
We form the Integration Sum of all the areas for the z’s that

start at t = a,andend at x = b,

Z f(z)dz .

z€la,b]
If for any infinitesimal dz, the Integration Sum has the same
hyper-real value, then f(z) is integrable over the interval [a,b].
Then, we call the Integration Sum the integral of f(z) from z = a,

to £ = b, and denote it by

z=b
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If the hyper-real is infinite, then it is the integral over [a,b],

If the hyper-real is finite,

z=b
f f(x)dx = real part of the hyper-real .(]

r=a

8.1 The countability of the Integration Sum

In [Danl], we established the equality of all positive infinities:
We proved that the number of the Natural Numbers,

CardN , equals the number of Real Numbers, CardR = 2¢N  and

we have

QC’(zrdN

CardN = (CardN)? = ... = 20@N — 9 = .. = 00.
In particular, we demonstrated that the real numbers may be
well-ordered.
Consequently, there are countably many real numbers in the
interval [a,b], and the Integration Sum has countably many terms.
While we do not sequence the real numbers in the interval, the

summation takes place over countably many f(z)dz.

The Lower Integral is the Integration Sum where f(z) is replaced

by its lowest value on each interval [z — % 5 + &]
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8.2 inf  f(¢)

z€la,b] [ Ty Stsaty

dx

The Upper Integral is the Integration Sum where f(z) is replaced

by its largest value on each interval [z — %,z + 4]

8.3 Z [ sup  f(t) ] dx

r€lab]| s-E<t<a+4

If the integral is a finite hyper-real, we have
8.4 A hyper-real function has a finite integral if and only if its

upper integral and its lower integral are finite, and differ by an

infinitesimal.

36



Gauge Institute Journal H. Vic Dannon

9.

Delta Function

In [Dan5], we defined the Delta Function, and established its

properties

1. The Delta Function is a hyper-real function defined from the

hyper-real line into the set of two hyper-reals {O’di}' The
x

hyper-real 0 is the sequence <0, 0, O,...>. The infinite hyper-

real di depends on our choice of dz.
T

. We will usually choose the family of infinitesimals that is

spanned by the sequences <l>,<%>,<%>, It is a

n n n
semigroup with respect to vector addition, and includes all
the scalar multiples of the generating sequences that are

non-zero. That is, the family includes infinitesimals with
: : 1 :
negative sign. Therefore, — will mean the sequence <n>

dx

Alternatively, we may choose the family spanned by the

sequences <i> ,<i>,<i>, Then, S will mean the
2n 3n 4n d.f

sequence <2" > Once we determined the basic infinitesimal
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dz, we will use it in the Infinite Riemann Sum that defines
an Integral in Infinitesimal Calculus.

3. The Delta Function is strictly smaller than oo
4. We define, 6(z) = —><[_dl, dl.](a:),

_dz dx
(z) = 1,:66[ 27" ],
0, otherwise

where )C[—dd
272

5. Hence,

% for z <0, 6(x) =0

& at oz = _d_x’ 6(z) jumps from 0 to i,
2 dx
wfor =z¢€ [—@ i, (z) = -
* 272 P Cdr
1

@wat =0, 60)=—

P at z = d_x’ 6(x) drops from L to 0.
2 dx

% for z >0, 6(z) =0.
< 28(z) =0

6. If dv — (1), 8(x) = <>Q;,;](m)a2x[;,;]($)a3x[ ](a;)...>

7. If do = (2), 6(3:):< ! & ’ >

2 cosh? z 7 2 cosh? 2z 7 2 cosh? 3z :

b

=
O =

8. If dx = <l>, o(z) = <e_xX[O’OO),26_237)([0’00),36_3EX[07OO),...>

n
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9. x]ﬁ” O(x)dr = 1.

T=—00
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10.

The Fourier Transform

In [Dan6], we defined the Fourier Transform and established its
properties
1. F{é(z)} =1

2. 6(x) = the inverse Fourier Transform of the unit function 1

w=00
= S e dw
2
W=—00
V=00
= f 62m$dv, w = 21
V=—00
1 1
3. — f e“Tdw = — = an infinite hyper-real
2 dzx
wW=—00 =0
w=00
f e dw =0
w=—00 x=0

4. Fourier Integral Theorem

k=00 [ &=00
1 —1 ikx
f(x) :%foo 5foof@)e kfdf]a’fdk

does not hold in the Calculus of Limits, under any

conditions.
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5. Fourier Integral Theorem in Infinitesimal Calculus
If f(x) is hyper-real function,
Then,

» the Fourier Integral Theorem holds.

. f f(x)e " **dx converges to F(a)

T=—00

. L f F(a)e "*da converges to f(r)
2

a=—00
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11.

The Laplace Transform

In [Dan7], we have shown that

1. The Delta function 6(t), for ¢t > 0 is represented by Sequence

6 (1) = ne_”tx[ (t).

0,00)

3. £{s(t)} =1

4. 6(t) = the inverse Laplace Transform of the unit function 1

§=100
= L eslds .
271 e
§=7y-+100
5. L f eflds| = 1_ an infinite hyper-real
271 =i - dt
§="y+100
f eds = 0.
§=7y—100 t=0

6. Laplace Integral Theorem
If f(t) is hyper-real function,
Then,
% the Laplace Integral Theorem holds.
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s=7y+100 T=00

f(@) :% f e fo e T f(T)dT s
s=y—ico | 7=

t=00

+ f e * f(t)dt, converges to F(s)
t=0
§=ry4100
i 1 st
 — f e F(s)s converges to f(t).

271 ,
§=7—100
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12.

Pulse Compression and Delta

Pulse Compression is used to generate Optical Solitons, with
narrower width 7', and larger amplitudes proportional to % that

are used to generate even more compressed Solitons.

An infinite sequence of compressed pulses with indefinitely
narrowing widths and growing amplitudes constitutes a Delta
function.

The narrowing widths include less carrier cycles, and require
higher carrier frequencies. At X-ray frequencies the laser mirrors
have to be replaced by dielectric mirrors, and as the frequency
increases, at Attosecond (Atto=10"® ) pulses, no mirrors will do,
and a different compression method has to be applied.

Physically, such Delta Pulse Sequence is unattainable.

However, similarly to considering the sizes of a charge or a point
light source as infinitesimal and representing them by a Delta
function, we shall ignore the physical limitations on realizing an
ideal infinitesimal-width Optical Soliton, and model the sequence

of narrowing Solitons by a Delta function.
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12.1 Pulse Width, and Delta

A system that combines dispersion with self-phase modulation
will generate a narrower output pulse.
In [Siegman, p.393]
an input pulse of 5,900 fsec, (femto=10"")
enters a 3 meter optical fiber, and is broadened to
a pulse of 10,000 fsec.

That pulse enters a diffraction grating that compresses it into

an output pulse of 200 fsec.
That pulse enters a 0.55 meter optical fiber, followed by a
diffraction grating, that compresses it into

an output pulse of 90 fsec.
Pulses of 90 fsec generated in a Dye laser have been compressed
to 30 fsec-the shortest width attained in 1986.
A Titanium-Sapphire laser [W-1] generates pulses in the range of
100 fsec, down to 10 fsec. The shortest width attained in 1999
was 5.5 fsec.
In 2008, 2.5 fsec pulses, containing only one or two cycles of the
carrier, were used in the [W-3] experiment.
Narrower pulses were generated, but not in optical fibers, and not

as Solitons with amplitude that grows as the width narrows.
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[W-2] describes the evolution up to 2008, of Ultrashort Pulses into
the Attosecond range (Atto=10"%).

10 ps

107 Dye Laser 1ps

Ti:Sapphire 100 fs
Lasar

10fs

107" 11s
High-0Order Harmonic
Genaration
=15

1870 1980 1590 2000
Yoar

Evolution of ultrashort light pulses up to 2008. (from [W-2])

Pulse Width (s)

The Attosecond flushes were attained, by firing ultrashort laser
pulses into a cloud of neon gas, generating carrier in the extreme
ultraviolet range.

In [W-2] such Attosecond flushes from Argon, were used to
stroboscope-light and film the motion of an electron, after it was
separated from an atom, in time period of a single carrier cycle.

By [W-3], the shortest such flush in 2011 is 80 Attoseconds.

In Comparison, an electron circles the nucleus in 150 Attosecond.

12.2 Pulse Power, and Delta
By [W-6], A carrier wave from an Argon or Nd:YVO4 laser with
average output power of 0.5 to 1.5 Watts, pumps a Titanium-

sapphire laser of mode-locked oscillator type.
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The Ti:Sapphire oscillator generates pulses with duration as short
as b fsec.
According to [Weiner,p.405], at 100 f sec,
the peak power of the pulse is 10* Watts.
This Corresponds to maximum intensity 10° W/m?* =10 W/cm?.
By [W-6], this pulse is supplied to a Titanium-sapphire laser of
Chirped-pulse amplifier type, designed to withstand the damaging
power of the pulse.
The Ti:Sapphire laser amplifier may use Chirped mirrors [W-7] to
guide the beam several times through the crystal, while keeping
the pulse width below the damage threshold, or it may use optical
switches, to insert the pulse in the cavity, and retrieve it later.
The Ti:Sapphire amplifier generates pulses with duration of 20 to
100 fsec with energy of 5 mJouls.
At 100 fsec, the peak power of the pulse is 50 GegaWatts. An
electric power plant peaks to 1 GW.
This corresponds to maximum intensity

(25)10*° W/m” =(25)10** W/cm”
Thus, the Delta function is suitable to describe short energetic

Optical Fiber Solitons.
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13.

ournal

Solitons and Delta Sequence

13.1 Solito
The Soliton

where

n’s Delta

v, 18 the envelope velocity,

T is the Soliton’s width.
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_ | =26,
yE | —,
WoEoMpMy

T=t—z/v,

Denote

T =dz.
The Delta function representing this envelope is the Hyper-real

function
i 1
& t—z/v, J

dz

cosh

For dz = <l>, this Delta function is represented by the sequence
n

gl 2y 3y
cosh(t —z/ vg>’cosh2(t —z/ vg>’cosh3(t— z/ vg)w.

13.2  Each & (r) ="~
m coshnt
» has the sifting property f 6, (T)dr =1

= is continuous

= peaksat 7 =0to ¢, (0)= z
s
Proof:

By [Spiegel, p.88],

49



Gauge Institute Journal H. Vic Dannon

n 1 n 2 T=00

dr = ——arctan (e"")
m coshnt TN

T=—00

T=—00

= —[arctan(oo) — arctan(0)]
L \ )

~

/2 0

=1.0

Thus, the sequence represents the hyper-real Delta Function

13.3 §(r) = < L 2 & >

) ) 9.
cosh 7 cosh 27 " cosh 37

lot[5—, T=-05 ._0.5) plots in Maple, the 50" component,
cosh(50 1)
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L T=-05 ,,0,5] plots in Maple the 200" component,
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