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Abstract The loss of Radiation Energy by an accelerated

charge manifests in the Abraham-Lorentz Radiation-
Dumping equation as a Radiation-Reaction frictional force.

A Hydrogen electron orbiting with angular velocity w is
accelerated towards the center at

d?x

dt?

F=%=

by an electro-magnetic spring-like force
kX = maT,.

Then, the Abraham-Lorentz equation is

—

ma - F

radiation reaction

+ma’T, =0.
And we show that the Radiation-Reaction force is
2
E -—° 3
67e,C

radiation reaction
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A correct derivation for this F was not given before,

radiation reaction

and we supply the derivation here.

We compute the weight of F in the Abraham-

radiation reaction

Lorentz equations for the Hydrogen’s electron, the
Hydrogen’s proton, the Neutron’s electron, and the Neutron’s
proton.
While that force is negligible, we show that the lost radiation
energy is crucial to the existence of the electron-proton
system: without radiation from the proton towards the
electron, the electron spirals onto the proton in split seconds,
and without radiation from the electron towards the proton,
the proton spirals onto the electron in split seconds.
We show that for both the Hydrogen, and the Neutron,
the Radiation Reaction Force on the Proton is

~6.5 x(Radiation Reaction Force on the Electron)
We resolve the paradox of “the Runaway Solution” to the
Abraham-Lorentz equation. We show that such solution
violates Newton’s Second Law, and does not exist.
Radiation damping widens the spectral line generated by the
transition of an electron from a higher orbit to a lower one:

We recall that at angular frequency o= w,, the broadened
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spectral line bell has Mean Duration

el
I

And at half the spectral line height, its width is
Ao=T.

where T'x is the radiation reaction term in X+I'X+ @}x=0.
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The Abraham-Lorentz
Radiation-Damping Equation

vs. Bohr’s Loss-less Equation

At the beginning of the 20" century, Abraham and Lorentz
had different models for a moving electron. Abraham
assumed that during its motion the electron remained a rigid
sphere, while Lorentz allowed that sphere to contract into an
ellipsoid in the direction of the motion.

In either model, if the electron is accelerated at

d?x

F=%=
dt?

by an electro-magnetic spring-like force
kX,

against the frictional Radiation-Reaction force

—

F

radiation reaction

then, the Abraham-Lorentz equation of motion for the

electron is

ma-F +kx=0.

radiation reaction

The radiation power loss by the electron
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P e 52
dt  6rzgc®
equals
I:radiation reaction di _r )
dt ~ ' radiation reaction L.
Thus,
2
— - e _
F D= — a2 .

radiation reaction

675,C°
Previous attempts to derive an explicit formula for

—

F

radiation reaction

have failed, exposing ignorance of Arithmetic. We shall
supply a correct derivation for an electron-proton system in
the next section.

For the Hydrogen’s electron, the accelerating force is the

electric attraction to the proton

1 e
brg, 12 ™

The equality of the accelerating force to the centripetal force
ma - me°t, =0
is Bohr’s Loss-less equation.
Then, the electric force balances
-

Me°T, .

The equation that includes the Radiation Reaction force
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—

ma - F

radiation reaction

-mo’f, =0,

is the Abraham Lorentz Frictional Equation.

Then, the electric force balances

—

F

radiation reaction

+Ma’T,

H. Vic Dannon
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1.
The Radiation-Reaction Force
on a Charge in a Circular

Motion

1.1 A Bizarre Claim that if a Sum is Zero, Each of its
Terms is Zero

Integrating by parts the equation

2
_ e’ _,

I:radiation reaction ~ U =

675,C°

over a period of electron’s motion T , textbooks obtain

—T( 2 \
= e
L Fradlatlon reaction - 672'8 aJ Udt - O
t=0 o
Namely, the summation
t=T ( - e2
L F radiation reaction - aJ Udt - O
0 67e,C

From this they bizarrely conclude that

£ e

radiation reaction

a=0

67¢,C°
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at any given time during the period.

To see how bizarre is that conclusion, subtract

(3G

from

3¢5
142
-5

We supply here the missing proof to the
1.2 Abraham-Lorenz Formula

In the Circular Motion of a Charge €

_ e .
a

F = -
67e,C

radiation reaction

H. Vic Dannon
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Proof:

2

IE - e .
radiation reaction ~ ¥ = 672'80C3 -a
2
e 5,
=———=0U-" a
67e,C

e? d . _ -~ &
——— | —(p-d)-0-4
67re,c° \ dt

In a circular motion,

vla,
v-a=0
Therefore,
2
— . e o
F . . .p=——0p-a
radiation reaction 67Z'6'OC3
2
- e .\ .
F. . ———7a|-v=0.
k radiation reaction 672'6’0(33 J

Since at any time {, ©(t)#0,

2
— e -

I:radiation reaction 3 a.d
6re,C

10
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2.
The Damped Harmonic Motion
of a Charge in a Circular

Motion

The Abraham-Lorentz Equation for a charge in a circular

motion is
2

mx — a+ma’x=0

67¢,C°

We want to show that the spring term

mw°X,

dominates the damping term

eZ

675,C°

a,

so that the solution of the damped equation is close to the
solution of the loss-less equation

mX +Ma’x=0.
To that end we need to approximate

a=Xx

11
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in terms of Xx(t), which we don’t know.

To obtain that approximation for a=%X, we iterate the
solution of the damped equation by the solution of the loss-
less equation

X(t) = x,e'*9,
Then,
X(t) = iwx,e' 7,

X(t) = —w’xe' ",
X(t) = —iw’x,e' 7.

I:radiation reaction b

Thus, we approximate :
Mao*X

2 2

e e
67¢,C° 67e,C
M X Mo’ X

3 i(wt+¢)
-0 X€

o
677¢,c°m

e’w

2.1 ——
Bre,c’m

approximates the weight of the Radiation Damping Force in

the Abraham Lorentz Equation

12
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3.
The Radiation-Reaction Force

on the Hydrogen’s Electron

3.1 The Abraham-Lorentz Equation for the Hydrogen’s

Electron
2

mX — a+maw’x=0,

67¢,C°

where from [Danl, p.47], the Hydrogen’s electron

angular velocity is

wy = 4.1334366 x 10'°radians / sec

3.2 The Weight of Radiation Damping in the Hydrogen
Electron equation is

(2.584815483) x 10

Proof:

€m,  (1.60217733)2(107°)?(4.1334366)(10"")
6e,c°m  67(8.854187817)102(9.1093897)10 % (3)*(10°)°

= (2.584815483) x 107 .[J

While the Radiation-Reaction Force in the equation seems

13
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negligible, the radiated energy is crucial to the existence of
the proton-electron system. Without the energy radiated by
the proton onto the electron, the electron would spiral onto

the proton in a split second:

3.3 If not for compensating radiation from the Hydrogen’s

Proton, the Electron would spiral onto the Proton in
~ 1.57 x 107! sec.

v? 1 €2
Proof: Since m— =

- b
r 4me, r?

The kinetic energy of the electron in its circular orbit is

o 1.1 ¢

e )
2 24me, T

The electric energy of the Hydrogen Atom is

1 €2

4#50 r

Therefore, the total electron energy is

11 e

24me, 1 ’
and its rate of change is

14
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d{ 11 62}1 1 e dr

% _547750 7 B 54#50 r_QE

This equals the rate at which the electron radiates energy as

it accelerates towards the proton,

2
e
a2
3

rae (T

where
I, =5.29277249x10™"'m ~5.3x10™""'m.
The retarded time is
LT, B3x107H L LTy
¢ 3% 10° 10"
and the acceleration of the electron is

)P o

Q

Therefore, the Electron’s Radiation rate is

2 2
v? e? 1 1 €2
r 671-5003 m 47‘(‘80 7"2

Since it equals the rate of change of the electron’s energy,

€

3

67rsoc

¢2
67f¢003

2
1 1 &) 1 1 Fdr
2 dgt¢, r? dt’

m 4me, r?

15
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2
dt ~ §03 [47r50ﬁ] r2dr,
4 2
where

m =9.1093897 x10*'Kg ~9.11x10*'Kg,

e=1.60217733x10°C~1.6 x10°C

Therefore, the electron will spiral into the proton in

r=5.3x10~1

sec

2
r=5.3x10"1 1 m
t ~ —c° 47?50— r3
r=0 4 62

r=0

1 47 m 2
~ = (— g, | = | (5:3)°107%
— 2
107v
R
4c

L g (911 10731y

~ - = (5.3)° - 107
12-10 (1.6 -1071%)

1 (911
12 (1.6)*

~
~

(5.3)°10713

~ 1.57 x 10" "Hsec.d

16
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4.,
The Radiation-Reaction Force

on the Hydrogen’s Proton

4.1 The Abraham-Lorentz Equation for the Hydrogen’s

Proton

eZ

6re,C

MX — A+MQAX =0,

3

where from [Danl, p.38], the Hydrogen’s Proton

angular velocity is

Qy = 2.705755062 x 10'" radians/sec

4.2 The Weight of Radiation Damping in the Hydrogen’s
Proton equation is

(8.159182866) x10°°

Proof:

e’0,  (1.60217733)%(10°)?(2.705755062)10"
675,c°’M,  67(8.854187817)10 %(3)* (10°)° (1.6726231)10 %"

= (8.159182866) x 10°.[J

17
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While the Radiation-Reaction Force in the equation seems
negligible, the radiated energy is crucial to the existence of
the proton-electron system. Without the energy radiated by
the electron onto the proton, the proton would spiral onto the

electron in a split second:

4.3 If not for compensating radiation from the Hydrogen’s

Electron, the Proton would spiral onto the Electron in
~ 1.8 x 10 ®sec.

. & 1 ¢
Proof: Since M— = —,
p  dme, p?

The kinetic energy of the proton in its circular orbit is

Ly =14 f.
2 24me, p

The electric energy of the Electron-Proton Atom is

1 ¢

_47'('80 ;

Therefore, the total proton energy is

11e
2 4me, o’

and its rate of change is

18
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a1 ] 11 e
24me, p 2 4me,) p? dr

This equals the rate at which the proton radiates energy as

it accelerates towards the electron,

62

A2
3

6me,c
By [Dan2, p.21],
py = 1.221173735 x 10712 ~ 1.2 x 102

Then, the retarded time is
P, L2x10°"7 4

T = [ad _— =

-
c 3% 10% 10
The acceleration of the proton is
2 2
e v
p p

Thus, the Proton’s Radiation rate is

2

Gl e

p

2
: 671'5003 M 47‘(‘50 p2 .

67e,c
Since it equals the rate of change of the proton’s energy,

¢2
Grt,c’

2 )2 2
11 e 11 #dp
M 4Ame, p? 2 dqt¢, p2 dr’

19
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2
dr ~ 203[47506%2] pldp,

Where
M =1.6726231x10 7Kg ~1.7 x 10 7Kg,

e=1.60217733x10°C~1.6 x10°C

H. Vic Dannon

Therefore, the proton will spiral into the electron in

p=1.2x10""2 1

2
M p=1.2x10"12
zzc?’[élwso ] p?"

— sec
p=0 62 p=0
1,4 MY
z—cg(—w,uoso)2 — | (1.2)°107%¢
4 'LLOA’_/ 62
— 2
107Y
Lgu
4c
10272
vt quL7 10 (1.2)3-107%
12-10%  (1.6-10719)*
2
~ L. 01 (1.2)°10°8
12 (1.6)*

~ 1.8 x 10 ¥sec.]

20
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5.
The Radiation-Reaction Force

on the Neutron’s Electron

5.1 The Abraham-Lorentz Equation for the Neutron’s

Electron
2
mx —

—a+ma’x=0,
6re,C

where from [Danl, p.46], the Neutron’s Electron

angular velocity is

w, = 5.485642074 x 10%° radians/sec

5.2 The Weight of Radiation Damping in the Neutron’s

Electron equation is
(3.430407659) x 107

Proof:

ew,  (1.60217733)*(10*°)*(5.485642074)10%
67¢,c’m  67(8.854187817)107(3)*(10°)*(9.1093897)10~*

= (3.430407659) x10°.[J

21
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While the Radiation-Reaction Force in the electron equation
seems negligible, the radiated energy is crucial to the
existence of the proton-electron. Without the energy radiated
by the neutron’s proton onto the neutron’s electron, the

electron would spiral onto the proton in a split second:

5.3 If not for compensating radiation from the Neutron’s
Proton, the Neutron’s Electron would spiral onto the
Neutron’s Proton in

~ 8.77 x 107 sec.

m v 1 e

Proof:  Since —_—t =

/1_5627'__ 47rsoy~_2’

The kinetic energy of the electron in its circular orbit is

2

,om o, 11 €

S = — —.
2 /1_562 ¢ 2471’807“

The electric energy of the Electron-Proton Neutron is

1 ¢

4750 r

Therefore, the total electron energy is

1 1 ¢

_54%‘0 r’

22
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and its rate of change is

i 112 11 @dr
247‘(’807‘2dt.

2 47r50 T

This equals the rate at which the electron radiates energy as

it accelerates towards the proton,

€
(12
3

67re,C
By [Danl, p. 45],
ry ~ 9.398741807 x 107 m ~ 9.4 x 10" m

Thus, the retarded time is
o, 9398741807107 3133

~ [, —

¢ 3% 10° 102

The acceleration of the electron is

L@ v

Thus, the Electron’s Radiation rate is

2 )2 2 2\’
v, | € 1 1 e
r 6me,c” | m dme, r?

Since it equals the rate of change of the electron’s energy,

62

3
6%600

11
m47r€0 7'2

¢(2
67f¢003

N —_—— -

23
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2
dt ~ 203[47%0@2] rdr
e
where

m =9.1093897 x10*'Kg ~9.11x10*'Kg,

e=1.60217733x10"°C ~1.6 x10°C
Therefore, without compensating radiation from the neuron’s

Proton, the neutron’s electron will spiral into the proton in

r =9.4x10~4

r=94x10" 1 4
~—c sec

r =0 ~

r =0

m
47r50 —] r3
o2

1 . dr m
~ Zc3( M050)2[—2J (9.4)°10~*2
120 > €
— c
107'
i1014
4¢

L g (911 10731y

~ 3 1042
T 12-108 (1610719 B4)-10
2
~ £ 01 (9.4)°107%
12 (1.6)*

~ 8.77 x 107 sec.[]

24
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6.
The Radiation-Reaction Force

on the Neutron’s Proton

6.1 The Abraham-Lorentz Equation for the Neutron’s

Proton

e2

6re,C

MX —

A+MQIX =0,

3

where from [Danl, p.38], the Neutron’s Proton

angular velocity is

Q, = 3.577789504 x 10?! radians/sec

6.2 The Weight of Radiation Damping in the Neutron’s
Proton equation is  (1.218496378) x10™°
Proof:

e’Q,  (1.60217733)3(107°)?(3.577789504)10%
675,c’M,  67(8.854187817)10 (3)°(10°)*(1.6726231)10 7"

= (1.218496378) x10~° .0

25
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While the Radiation-Reaction Force in the proton’s equation
seems negligible, the radiated energy is crucial to the
existence of the proton-electron neutron system. Without the
energy radiated by the neutron’s electron onto the neutron’s
proton, the neutron’s proton would spiral onto the neutron’s

electron in a split second:

6.3 If not for compensating radiation from the Neutron’s
electron, the Neutron’s Proton would spiral onto the
Neutron’s Electron in

~ 1.1x10 " gec.

. & 1 €
Proof: Since M— = —,
p 4w, p?

The kinetic energy of the Neutron’s proton in its circular
orbit is

=t L
2 24me, p

The electric energy of the Electron-Proton Neutron is

1 ¢

_47'('80 ;

Therefore, the total proton energy is

26
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11 e
2 47e, p’

and its rate of change is

af11 ) 11 dg
24me, p 2 4me, p? dr

This equals the rate at which the proton radiates energy as

it accelerates towards the electron,

62

A2
3

6ec P

c

By [Dan1, p.32],
p, = 2.209505336 X 107" ~ 2.2 x 107"

Then, the retarded time is
pu . 22x107"° 7.3

T ~/ _—

c 3 %108 10

The acceleration of the proton is

LG

p p

Thus, the Neutron’s Proton Radiation rate is

2 2
Vil e (11 e
p 6me,c’ | M dme p? '

Since it equals the rate of change of the proton’s energy,

62

3
6#500

27
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2
£ (L1 e 11 #dp
67t c* | M 4me; p? 2 dgt¢, p2 dr’

2
dr =~ 263[47%:06%2] p%dp,

Where
M =1.6726231x10%"Kg ~1.7 x107Kg,

e=1.60217733x10"°C ~1.6x10™°C
Therefore, the neutron’s proton will spiral into the neutron’s

electron in

2 .
p=2.2x10"1 1 4 M 5 p=2.2x10""1
~ —cC P ‘ sec

p=0 p=0

1,4 ?
~ —c’( 7Tuoeo)Q — | (2.2)°107%
4 ,LLO%/—/ 62
— 2
107Y
Lgu
4c
10272
vt quL7 10 (2.2)% 1074
12-10%  (1.6-10719)*
2
~ L. 01 (2.2)31017
12 (1.6)*

~ 1.1x10 % gec.O]

28
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1.

Electron’s Radiation-Reaction

Force vs. Proton’s-Radiation

Reaction Force

7.1 Radiation Reaction Force on the Hydrogen Proton is

~6.5 x(Radiation Reaction Force on the Hydrogen Electron)

2

3 i(ot+¢)
7 Qnpue

67&.C o
Proof: mgg _ 2P

3
3 i(ot+¢) COH rH
- ;e

M

6re,C

where

r, =the Hydrogen electron orbit radius,

o, =the Hydrogen proton orbit radius.

1
By [Dan2, p.22] 2t |M. _[Mj“
" M Wy, m

1

() ()

29
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= /1836

= 6.545881555

72 Radiation Reaction Force on the Neutron’s Proton is

~6.5 x(Radiation Reaction Force on the Neutron’s Electron)

2
3 i(ot+¢)
6775,C 02 Q3P
Proof: ; 5,
W @l (@+9) CO 'y
675,C°
where
r, =the Neutron’s electron orbit radius
p, =the Neutron’s proton orbit radius.
(1)
l 4
By [Dan1, p.18], L [ j b 23 J .
N -5

3
8

3
o [I\/I ]4 (1- )
And by [Danl, p.66], = H km

Therefore,

30
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= /1836
= 6.545881555

31
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8.
The Runaway Solution for the
Abraham-Lorentz equation

that Does Not Exist

The Abraham-Lorentz Frictional Equation

—

ma - F

2g iot
radiation reaction T M@ T = eke
says that the electron e is accelerated to &, by an

electromagnetic Force opposed by the radial Force mo’r,

and by an external radiation field Ee'* that opposes the

radiation reaction force F and compensates for the

radiation reaction ?

radiation damped by the electron.

The electromagnetic force may be the electric attraction to

2

the Hydrogen proton, or it may be the Lorentz

=,
4re, 1]

Force et x B of a Magnetic Induction B.
With no electromagnetic force, the circular motion stops, and
the radial force vanishes.

With no external radiation field, an accelerating electron will

32
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keep loosing radiation energy.
Thus, with no electromagnetic force, and with no external

radiation field, an accelerating electron will satisfy the

equation
ma — I:radiation reaction 0 ’
e’
ma = m—Sa 5
m67ze,C
\ﬂ_—J
T
a=ra,
L
a==¢e’.

That is, if the electron will accelerate, without an
electromagnetic force, and without an external radiation
field, we will obtain a runaway solution with exponential
acceleration.

By Newton’s Second Law, that will never happen: Without
an external force, or energy of any kind, the acceleration

must be zero, and the runaway solution does not exist.

33
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9.
Radiation-Damping Widening

of Spectral Lines

We recall the role of radiation reaction in the widening of a
spectral line:

A bound electron radiating energy is described by

2

myx — ~X +Mawjx=0.

6re,C

Assuming X+ w}x~0, implies X ~ —w:X, and

2 2

e w .
—— X+ wgx=0.
67e,mc

| —
r

The solution is the damped wave train

X+

x(t) = e e
At angular frequency o, the Radiation Intensity per angular

dl(w)
d

frequency, , 1s proportional to

2

t=00
[ x(@)edt

t=0

>

which is proportional to

34
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1
(- a)o)z + %rz .

Thus, the spectral line generated by transition of the
electron from a higher orbit to a lower one, at the angular
frequency o= w,, is a broadened bell shaped distribution.
The Potential Energy is proportional to

ey =g,
The Mean Duration of the radiated pulse is

At=1.
I
And the Mean length of the wave train is

C

F .
Applying the Energy-time uncertainty at half the spectral

line height,
(AE)(At) ~ 7,

hAw 1

r
Aw=T".

Thus, at half the spectral line height, the frequency width is
Aw=T,

where T'x is the radiation reaction term in X+I'X+ w’x=0.

35
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